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1 Introduction, overview and main results 



Over the past forty years, a lot of attention has been paid to so called sharp Riemannian Sobolev 
inequalities. A vast literature has led to the building of a rich theory known as best constants theory 
which has connected circcis cts analysis, geometry and topology. Such inequalities have for instance 
played an important role in geometric analysis, specially in the study of non-collapse of the Ricci flow 
along time (cf. [28], [SB], [3T]), existence and multiplicity of solutions for the Yamabe problem (cf. 
0, [2S], [21]), and Riemannian isoperimetric inequalities (cf. [15J). Particularly, a number of results 
have shown the strong influence exerted by the geometry and/or topology on various questions in 
this field. We refer to Aubin [3], Druet and Hebey [T7], Hebey [23] for surveys in book form and 
other references therein. 

The goal of the present paper is to extend part of the well-known best constants scalar L 2 -theory 
to a fairly general vector perspective. The meaning of the word "general" will soon clarify. Precisely, 
we wish to 

(ot.l) establish necessary and sufficient topological conditions to the continuity of optimal constants 
on all involved parameters: potential functions and Riemannian metrics; 

(a. 2) exhibit a dichotomy adapted to the present setting: existence of extremal maps versus explicit 
values of optimal constants; 

(a. 3) discuss the compactness problem of extremal maps related to families of potential functions 
and Riemannian metrics. 

A major challenge here is to address (a.l)-(a.3) under rather weak assumptions of regularity. As we 
shall see, such assumptions prevent us for instance to argue with Euler-Lagrange equations which 
are essential in the development of significant part of the scalar theory. 

Before we go further and precise these points, a little bit of notation and background should be 
introduced. 

1.1 Sharp Euclidean Sobolev inequalities. Sobolev inequalities are among the most famous and 
useful functional inequalities in analysis. They express a strong integrability or regularity property 
for a function in terms of some integrability property for some derivatives of this function. The 
typical sharp Euclidean L 2 -Sobolev inequality states that, for any u E C^°(lR n ), 



the great majority of applications, it is not necessary to know more about the Sobolev embedding, 
apart maybe from explicit bounds on Ao(n). However, in some circumstances one is interesting to 
know the exact value of A (n) as in the computation of the ground state energy in some physical 
models. Most often, the determination of A (n) relies on the identification of extremal functions 
to (pQ), i.e. non-zero functions satisfying equality in (pQ). The natural space to look for extremal 
functions is the usual Euclidean Sobolev space 




(1) 



where n > 3, 2* 



2n 
n-2 



and, by definition, Ao(n) is the best possible constant in this inequality. For 
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£> 1,2 (R n ) := {u G L r (R n ) : |Vu| G L 2 (R n )} 

endowed with the norm 

||u||x,i,2( R n) := I / |Vu| 2 dx J 
The corresponding extremal functions to (JTJ) are given precisely by 

Uq(x) = aw(b(x — Xq)) 

with a,&6M,^0, x 6 M" and 

w(x) = (l + \x\ 2 y n ' T ■ (2) 

This fact is due to Aubin [1], Rodemich (unpublished) and Talenti [34]. 

A natural extension which is directly linked to estimates of ground state energy related to some 
reaction-diffusion systems is as follows. 

Let k > 1 be an integer number and n > 3. Consider a positive continuous function F : M. k — > R 
homogeneous of degree 2*, i.e. F(Xt) = A 2 F(t) for A > and t 6 R fc . Part of the vector notations 
below are followed from [21]. Denote by C^ k (R n ) the space C^°(M n ) x ... x C£°(M n ) of smooth 
/c-maps with compact support in IR n . 

The sharp potential type Euclidean L 2 -Sobolev inequality states that, for any U G 
Cg£(R B ), 

(f F(U)dx) <A (n,F) [ \\7U\ 2 dx , (3) 

where 

/ \VU\ 2 dx :='S^ I \Vui\ 2 dx , U — (ui, . . . , u^) , 

JR n i=1 JR n 

and Ao(n, F) is the best possible constant in this inequality. Obviously, Ao(n, F) is well defined due 
to the conditions assumed on F. The name given to comes from physical motivations where F 
represents a potential function in a specific model. In this case, we have the notion of extremal map 
as being a non-zero /c-map satisfying equality in ([3]). The adequate space to seek extremal maps is 
the /c-vector Euclidean Sobolev space x . . . x P 1,2 (M n ) equipped with the norm 



|V^1Ip 1 ' 2 (k») := I / \VU\ 2 dx 
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The set of extremal maps to ([3]) and the value of Ao(n, F) can fortunately be found. This set consists 
precisely of /c-maps of the form U = t u , where t G S^ 1 := {t G R k : \t\ = 1} is a maximum 
point of F and u G X> 1,2 (IR n ) is an extremal function to ([TJ, and so Ao(n, F) = F(t ) 2 ^ 2 * A (n). For 
completeness, we include in this paper a proof of these claims. It is important to emphasize that 
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this characterization of extremal maps to ([3]) is essential to achieve our goals. 



1.2 Sharp Riemannian Sobolev inequalities. Considerable efforts have been spent on the inves- 
tigation of sharp Riemannian Sobolev inequalities during a few decades. Part of the developments 
obtained is currently known in the literature as the AB program. Below, we briefly comment this 
program for L 2 -Sobolev inequalities. 

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3 and (3 : M — > R 
be a positive continuous function. By using a standard unity partition argument and ([1]), one gets 
constants A,5el such that, for any u £ C°°(M), 

( [ \u\ 2 * dvg} < A [ \V g u\ 2 dvg + B [ (3(x)u 2 dv g , (4) 
\Jm J JM JM 

where dv g and V 9 denote, respectively, the Riemannian volume element and the gradient operator 

of g. Some basic notations and definitions related to (jl]) are now introduced. 

The first Riemannian L 2 -Sobolev best constant is defined by 

A (n, f3, g) := inf {A £ K : there exists B £ R such that flU) is valid} . 

The first sharp Riemannain L 2 -Sobolev inequality states that there exists a constant B £ R 
such that, for any u £ C°°(M), 

(f \u\ 2 * dv g \ <Ao(n,P,g) [ \V a u\ 2 dv g + Bf (5{x)u 2 dv g . (5) 

\JM / JM JM 

In this case, one defines the second Riemannian L 2 -Sobolev best constant by 

B (n, (3, g) := \ni{B £ R : © is valid} , 
and the second sharp Riemannian L 2 -Sobolev inequality as the saturated version of ([5]), i.e. 

)2/2* „ n 

<A (n,(3,g) \V g u\ 2 dv g + B (n, {3, g) (3(x)u 2 dv g . (6) 
JM JM 

Note that ([6]) is sharp with respect to both the first and second best constants in the sense that none 
of them can be lowered. In a natural way, it arises then the notion of extremal functions as being 
non-zero functions satisfying (jH]) with equality. The appropriate space to look for extremal functions 
is the Riemannian Sobolev space H 1,2 (M) defined as the completion of C°°(M) under the norm 



\u\\m^(M) ■= ( / |V 9 w| 2 dv g + / u 2 dv g ) 

\JM JM J 
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The scalar AB program in the L 2 environment consists of various questions involving the optimal 
constants Ao(n,f3,g) and B (n,{3,g) and the sharp Sobolev inequalities (j^J) and (J6]). 
Some of them are: 

(a) Is it possible to find the exact values and/or bounds for A (n, (3, g) and B (n, (3, g)l 
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(b) Is the sharp L 2 -Sobolev inequality ([5]) valid? 



(c) Do A (n,/3,g) and B (n,f3,g) depend continuously on (3 and g in some topology? 

(d) Does the sharp L 2 -Sobolev inequality (J5J) admit any extremal function? 

(e) Is the set of extremal functions to flf)]) with unit L 2 *-norm compact in some topology? 

These questions were initially addressed in the classical case (3 = 1 and important complete or 
partial answers were given during the penultimate decade. In 2001, targeting the study of questions 
surrounding (d), the scalar AB program began to be focused in the general setting by Hebey and 
Vaugon [27J in connection with the notion of critical function. We highlight below some partial 
answers known so far. 

On the question (a): It is well known since Aubin [lj that Ao(n,(3,g) = Ao(n). In particular, 
Ao(n, (3, g) depends only on the dimension n. Unlike, B (n, (3, g) depends also on the variables (3 and 
g as can be seen from the scaling relation B (n, X(3, fig) = A _1 / u _1 _B (n, (3, g) valid for any constants 
A,/i > 0. Explicit values of B (n, l,g) have been computed in only specific situations. For instance, 
Aubin [T] showed that on the round unit n-sphere § n , 

_2_ 

B (n, l,g) =uj n n , 

where u n stands for the volume of S n . On upper bounds, Hebey and Vaugon [23] (see also [21 J and 
[2"5] ) discovered that on the product manifold S 1 x § n_1 induced with the usual Euclidean product 
metric, 

. 1 + (n - 2) 2 
n(n — 2)Un 

and on the canonical Euclidean projective space P n , 

n + 2 



B Q (n, l,g) < 



(n - 2)un n 



Unfortunately, the explicit value of B (n,(3,g) is no known in general. However, one knows that, by 
taking u = 1 in <$f), 



f M (3{x) dv g 



Besides, Hebey and Vaugon [27] proved the following geometric lower bound for n > 4: 



77—2 

B {n,P,g)/3{x) > -A (n)S g (x) (7) 

4(77 — 1) 

for all x G M, where S g denotes the scalar curvature of the metric g. 

On the question (b): This question was raised by Aubin [1] and answered positively by Hebey and 
Vaugon J2E] in a pioneer work in this field which introduced important ideas based on concentration 
analysis of solutions of elliptic PDEs. 
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On the question (c): The geometric continuity of Bo(n,l,g) has recently been discussed in [7J. 
Let M be a compact differentiable manifold of dimension n. Denote by Ai n the space of smooth 
Riemannian metrics on M equipped with the C 2 -topology. When n > 4, the authors showed that 
the map g G M. n >-» B (n,l,g) is continuous and, moreover, the C 2 -topology is sharp among all 
C fc -topologies. 

On the question (d): When (M,g) is the round unit n-sphere (§> n ,h), the extremal functions to (J6]) 
are all classified. Precisely, modulo a constant factor and/or an isometry on § n , they are given by 
u = I or u = (/3 — cosr) - ™/ 2 *, where (3 > 1 is a constant and r is the distance to some point on § n . 
By Hebey [22], if n > 4 and g is a conformal metric to h, then 

n — 2 

A)(n,l,sO = -7 A (n)max ( S' g 

4(n — 1) m 

and there exist extremal functions to ([6]) if, and only if, modulo a constant scale factor, g and h are 
isometric, in which case all the extremal functions are known. For an arbitrary compact Riemannian 
manifold (M,g) of dimension n, Djadli and Druet [T2] proved that, at least, one of the assertions 
holds for n > 4 and (3 = 1: 

(i) ([6]) admits an extremal function; 

(ii) B (n,l,g) = jg^y^o(n) max S a . 

Applying this result, one easily checks that an extremal function always exists when either S g < 
or S g is constant on M (cf. [12]). Examples showing that all possible situations in (i)-(ii) can occur 
are also known. For instance, both (i) and (ii) hold for the round unit n-sphere § n , (i) fails and 
(ii) holds for § n endowed with a conformal metric non-isometric to the canonical metric, whereas 
(i) holds and (ii) fails for certain quotients of the round unit n-sphere S n . Closely related questions 
have also been discussed in the works [5], [B] and [27] ■ In this last one, the duality (i)-(ii) has been 
extended to arbitrary positive functions (3. Precisely, in their Theorem 3, it is shown that, at least, 
one of the claims below holds when n > 4: 

(i) * admits an extremal function; 

(ii) * B {n,(3,g)(3{x ) = j^A {n)S g {x ) for some x G M. 

On the question (e): The compactness problem of extremal functions has been addressed in [JJ, [T2] 
and [27] . Denote by E((3,g) the set of extremal functions to (jH]) with unit L 2 *-norm. In [12], Djadli 
and Druet proved that E(l,g) is compact in the C°-topology (or is C°-compact) whenever n > 4 
and 

n — 2 

B (n, l,g)> 4 ^ _ max S g . (8) 

Inspired in their proof, we established in [7J the compactness of E(l,g) when the geometry varies. 
Precisely, let G C M. n be a subset such that ([8]) holds for all g E G. Then, {J geG E(l, g) is C°- 
compact whenever n > 4 and G is compact in M. n . Following similar ideas to those ones of |12j . 
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Hebey and Vaugon [27] extended the compactness result to positive functions /3 and Riemannian 
metrics g satisfying 



n — 2 

B (n,f3,g)f3(x) > — - — A (n)S g (x) 

for all x G M. Note, however, that when equality occurs in ([8]), the compactness can fail in all 
dimensions as can easily be seen from the round unit n-sphere S n due to the noncompactness of its 
conformal group. 

The purpose of this work is to investigate sharp Riemannian Sobolev inequalities modeled on 
vector L 2 -Sobolev spaces. Despite being linked to some questions of analytical interest, as for example 
the computation of the ground state energy, Sobolev inequalities on vector spaces have been little 
explored in the literature. A specially important class of such inequalities is so called potential 
type Riemannian Sobolev inequalities which naturally extend the above-mentioned Riemannian L 2 - 
Sobolev inequalities. 

We begin with some basic notations and definitions geared to the vector context. Let (M,g) 
be a smooth compact Riemannian manifold of dimension n > 3 and k > 1 be an integer number. 
Consider positive continuous functions F : R fc — > R and G : M with F homogeneous of 

degree 2* and G homogeneous of degree 2 on the second variable. Again for physical reasons, F and 
G are called potential functions. Denote by C™(M) the space C°°(M) x . . . x C°°(M) of smooth 
/c-maps on M. Using (TJ]), one easily discovers constants A,B EM. such that, for any U E C^°(M), 

2/2 



where 



( [ F(U) dv^ <a[ \\7 g U\ 2 dv g + B / G (x , U) dv g , (9) 

\JM J JM JM 



k 

[ \VgU\ 2 dVg := f |V, 

JM i=1 JM 



Ui\ dvg , U = (tti, . . . ,u k ) . 

In parallel to the notations and definitions corresponding to the scalar AB program, we have 
following definitions related to ([9]). 

The first Riemannian L 2 -Sobolev best constant is defined by 

A (n, F, G,g) := M{A G R : there exists B e R such that (jSJ) is valid} . 

The first sharp potential type Riemannain L 2 -Sobolev inequality states that there exists 
a constant B <ER such that, for any U G Q°(M), 

F(U) dvg) ' < Mn, F, G, g) [ \V g U\ 2 dv g + B [ G(x, U) dv g , (10) 

>M J JM JM 

in which case one defines the second Riemannian L 2 -Sobolev best constant by 

B (n, F, G, g) := inf{£ G R : (HDD is valid} , 
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and the second sharp potential type Riemannian L 2 -Sobolev inequality as the saturated 
version of (fTUj) . i.e. 



' M 



2/2 

F(U) dv g ' 



) <A {n,F,G,g) f \V g U\ 2 dv g + B {n,F,G,g) [ G{x,U) dv g . (11) 
/ Jm Jm 



In a natural way, an extremal map to (TTTj) is defined as a non-zero fc-map that realizes equality 
in (11 ip . The adequate space to search extremal maps is the Riemannian k- vector Sobolev space 
Hl' 2 (M) := # 1,2 (M) x ... x H l > 2 {M) induced with the norm 



where 



\\U\\hI-\m) ■= |V 9 f/| 2 dv g + J \U\ 2 dv 



k 

[ \U\ 2 dv g :=J2 [ 
Jm i=l J \ 



1/2 

a 



Uj dv g , U = (m, ...,u k ) ■ 

M 

Of course, the above definitions generalize the corresponding scalar ones. Indeed, when k — 1 we 
have, modulo constant factors, F(t) = \t\ 2 and G(x,t) = (3(x)t 2 . However, for k > 2, there exist 
many examples of positive homogeneous functions only continuous as can be seen from 



|t| 2 7(*/l*l), if MO 
0, if t = 



F(t) = 

where / : S fc_1 — > R is a positive C° function. Some canonical examples of potential functions are: 



m = \t\ 2 ; , F(t) = \\t\r , 

G(x,t) = f3(x)\t\ 2 q , G(x,t) = (A(x)t,t) , G(x,t) = f3(x)\\t\\ 2 , 

where \t\ q := (X)i=i l^il 9 ) 1 ^ with g > 0, E C°(M) is a positive function, (•, •) stands for the usual 
Euclidean inner product, A(x) are positive symmetric k x k matrices with continuous entries on M 
and || ■ || denotes an arbitrary norm on ~R k . 

A successful best constants theory on sharp potential type Riemannian Sobolev inequalities relies 
on answers to a number of questions related to the optimal constants Ao(n, F, G, g) and Bo(n, F, G, g) 
and to the sharp Sobolev inequalities (fTUj) and (TTTT) . In the same spirit of the scalar AB program, 
we inquire: 

(A) Is it possible to find the explicit values and/or bounds for Ao(n, F, G, g) and B (n, F, G, g)7 

(B) Is the sharp potential type L 2 -Sobolev inequality (fTUl) valid? 

(C) Do Ao(n, F, G, g) and Bo(n, F, G, g) depend continuously on F, G and g in some topology? 

(D) Does the sharp potential type L 2 -Sobolev inequality ffTTl) admit any extremal map? 
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(E) Is the set of F-normalized extremal maps to ( II ip compact in some topology? A map U is said 
to be F-normalized if ||-F(?7)||i,i(Af) = 1. 

In [21], Hebey addressed (A), (B), (D) and (E) to a vector extension closely related to the 
scalar situation. Precisely, he considered the case when F(t) = |i|f» and G(x,t) = (A(x)t,t), where 
A(x) = (a,ij(x)) represent positive symmetric k x k matrices with smooth entries on M, and proved 
that Ao(n, F, G, g) = Ao(n) and ([TO]) is always valid. When n > 4, one has 



B (n,F,G,g)a u (x) > ^ A (n)S 9 (x) (12) 



n-2 
4(n - 1) 

for all x G M and % = 1, . . . , k and also arises the following dichotomy: 



(I) (pTTh admits an extremal map; 

(II) B (2, F, G, g)a u (x ) = ^^A (n)S g (x ) for some x G M and some i = 1, . . . , k. 

Moreover, when the inequality (1121) is strict for all x G M and % = l,...,k, Hebey proved the 
C° compactness of the set of extremal maps normalized by the L 2 *-norm. Recently, Druet, Hebey 
and Vetois [20] have studied the bounded stability property, something stronger than compactness, 
of solutions for a class of potential type elliptic systems. Precisely, their main result ensures the 
bounded stability of the set of solutions of system 

k 

—AgUi + J ^^a i j(x)uj = \U\ 2 ~ 2 Ui on M, i = 1, . . . , k , 

3=1 

where A g stands for the Laplace-Beltrami operator associated to the metric g, under the following 
condition: 

n — 2 

for all x G M in the sense of bilinear forms, where Ik denotes the k x k identity matrix. For the 
study of analytical stability of the system above, which also leads to compactness, under the opposite 
inequality 

n — 2 

see the Druet and Hebey's paper [18] . 

In the general case, through a simple argument for reducing the scalar case, answers to (A) and 
(B) can be obtained directly from the scalar AB program. As easily will be checked, Ao(n, F, G, g) = 
M 2 J 2 A (n), (]TU]) is always valid and the lower estimate holds for n > 4: 

B {n,F,G,g)G{x,t ) > "~ 2 M 2 J 2 * A (n)S g (x) (13) 
for all x G M and t G § fe_1 with F(t ) = M F , where M F = maxF(t). These claims are precisely 

[£|=1 

justified in Section 2. Note that the inequality ( TIB"]) simultaneously extends the corresponding scalar 
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(JZj) and vector f|T2|) . Remark also that Ao(n, F, G, g) depends only on the dimension n and the 
potential function F, while B (n, F, G, g) depends further on the potential function G and the metric 
g as shows the scaling relation B (n, 9F, AG, fig) = 6 2 / 2 * \~ 1 fi~ 1 B (n, F, G, g) valid for any constants 
9,X, fi > 0. It is important, however, to emphasize that the remaining questions are far more delicate 
than (A) and (B) for several reasons. The first one concerns the weak regularity condition satisfied 
by the involved potential functions. Indeed, as seen previously, while F(t) and G(x, t) are always of 
C 1 class on t when k = 1, the most of these functions are only continuous when k > 2. This leads 
to an interesting contrast between extremal functions and extremal maps from the smoothness view 
point. In fact, an extremal function to fl6]) is always of C 1 class since, modulo a constant scale factor, 
it solves the elliptic equation 

— A g u + \[3(x)u = \u\ 2 *~~ 2 u on M (14) 

for some constant A > 0. Nevertheless, extremal maps to f lTT]) do not need to be smooth and much 
less satisfying any equations, unless F(t) and G(x,t) are of C l class on t. In this specific situation, 
an extremal map U — . . . , solves, up to a scaling, the potential type elliptic system 

XdG(x,U) IdFOJ) t , . , 

- A q Ui + tt 1 -^- = on M, i = l,...,k (15) 

9 2 dti T dti ' ' ' v ; 

for some constant A > 0, and so, by elliptic regularity results, each component Ui is of C 1 class. This 
dichotomy leads to an immediate impact on existence and compactness problems of extremal maps, 
because the development of the scalar AB program is completely based on concentration analysis 
of critical points of energy type functionals whose Euler-Lagrange equations are like fTi~4"]) . In short, 
when k > 2 we are facing a new situation where are prevented of directly using variational techniques 
and arguments of any kind involving PDEs. Another important difference concerns the positivity 
of solutions in PDEs. While an extremal function has defined sign on M, generally components of 
extremal maps have undeterminate sign, even when F(t) and G(x, t) are smooth functions with sym- 
metry properties. This difference occurs because, contrary to elliptic equations where the maximum 
principle can be applied, there is no maximum principle for potential type elliptic systems. Since 
positivity plays an essential role when k = 1, the maps context becomes more involved than the 
functions one. All these comments suggest that the questions (A)-(E) are embedded in a broader 
structure whose understanding is a challenge. 

We shall provide answers to (A)-(E) into the general perspective proposed here. Part of our main 
results are established for dimensions n > 5, as for instance: 

(/3.1) the continuity of the map 

(F,G,g)^B (n,F,G,g) 

on appropriate spaces; 

{(3.2) the duality between existence of extremal maps to ( TTTj) and the explicit value of B (n, F, G, g); 



10 



(/3.3) a compactness result of extremal maps related to families of continuous potential functions and 
Riemannian metrics. 

In particular, our results extend in a comprehensive way much of the scalar AB program developed 
so far. We also expect some theoretical tools used in this work may be useful in related contexts 
within the nonlinear analysis on manifolds. 

In a nutshell, our strategy to overcome the above-described obstacles is based on the following 
tools: 

* De Giorgi-Nash-Moser type estimates applied to solutions of systems like (TT5T) (Proposition 12. 4p 
and to minimizers of non-smooth functionals (Proposition 12.51) with constants depending only 
on the respective C°-norms of F and G on § fc_1 and M x § fc_1 ; 

* An approximation scheme of potential functions F and G in the C^-topology by C 1 functions 
of same kind (Proposition 12. 6ft ; 

* A local geometric potential type Sobolev inequality uniformly satisfied for suitable families of 
potential functions (F a ) and (G a ) (Proposition 12.71) . 

These ingredients are essential in the proof of (/3.1)-(/3.3) and, in addition, the proof of (/3.2) and 
(/3.3) rely on the continuity result ((3.1). 

1.3 Main theorems. Our most striking results are summarized in the next three theorems. But 
first we need a few notations. 

Let M be a compact differentiable manifold of dimension n. Denote by M. 11 the space of smooth 
Riemannian metrics on M endowed with the C 2 -topology. For k > 1, we represent by C°(M) the 
space C°(M) x . . . x C°(M) of continuous fc-maps on M equipped with the usual product topology, 
by Fk the set of positive continuous functions on R fc homogeneous of degree 2* with the induced 
topology of Ci oc (M h ) and by Qk the set of positive continuous functions on M x M. k homogeneous of 
degree 2 on the second variable with the induced topology of C^ C (M x M fc ). For F G Fk, G e Q k 
and g G Ai", we denote by £k(F, G, g) the set of F-normalized extremal maps to (fTTjl . Finally, given 
g G M n , denote by (M) the Riemannian k- vector Lebesgue space L 2 * (M) x . . . x L T (M) endowed 
with the usual product topology. 

Theorem 1.1. (Continuity). Let M be a compact differentiable manifold of dimension n > 5. For 
any integer k > 1, the map (F,G,g) G J~k x Qk x -M. n h-> Bo(n, F,G, g) is continuous. 

Theorem 1.2. (Duality). Let M be a compact differentiable manifold of dimension n > 5. For any 
integer k > 1 and (F,G,g) G J~k x Qk x M. n , at least, one of the following assertions holds: 

(I)* ( TO]) admits an extremal map; 

(II)* Bo(n,F,G, g)G(xo,ta) = ^~ 2 ^ Ao(n, F)S g (xo) for some xq G M and some maximum point to 
of F on S fc_1 . 
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It follows from Theorem 11.11 that the set of triples (F,G,g) satisfying the condition (II)* of 
Theorem 11.21 is closed in x Gk x A4 n . An easy consequence to Theorem 11.21 is that sharp and 
saturated inequalities like (|lip always admits extremal maps when n > 5 and (M, g) has nonpositive 
scalar curvature. Another possible application, which follows from Theorem 11.21 and the resolution 
of the Yamabe problem is that if n > 5, G(x, t) does not depend on x, and (M, g) has constant scalar 
curvature, then (TTTT) admits extremal maps (see Section 2). 

Theorem 1.3. (Compactness). Let M be a compact differentiable manifold of dimension n > 5. Let 
k > 1 be an integer number, ((F a ,G a , g a )) be a sequence converging to (F,G,g) in Fk x Gk x -M n 
and (U a ) be a sequence of extremal maps with U a G Sk(F a ,G a ,g a ). If the triple (F,G,g) satisfies 

n — 2 

B (n,F,G,g)G(x,t ) > —A (n, F)S g (x) 

4(n — 1) 

for all x G M and all maximum point to of F on S k ~ 1 , then (U a ) is L|* -compact. Moreover, if 
((F a ,G a ,g a )) converges in Cj- oc (R k ) x C°(M, C/ oc (M fc )) x M n , then (U a ) is C^-compact. 

For dimensions n > 5, Theorems 11.21 and 11.31 extend in a unified framework Theorem 1 of [T2] 
(k — 1 and /3 = 1), Theorem 3 of [27] (k = 1 and general) and Theorem 0.1 of [24J (k > 2, 
= anc l G(x,t) = (A(x)t,t)). In addition, Theorem 11.11 and 11.31 generalize, respectively, 
Theorem 1.1 and Corollary 1.2 of [7] (k — 1 and /3 = 1). We emphasize that Theorem 11.11 is new 
even when k — 1. In order to highlight this specific case, denote by C° (M) the cone of positive 
continuous functions on M endowed with the usual uniform topology. Noting that Proposition 12.71 
is true in dimension n = 4 when k = 1 (see [TTj). we can state: 

Corollary 1.1. (Continuity for k = 1). Let M be a compact differentiable manifold of dimension 
n>4. Then the map (/3,g) G C?(M) x Ai n i— > B (n,(3,g) is continuous. 

Corollary 1.2. (Compactness for k = 1). Let M be a compact differentiable manifold of dimension 
n > 4. Let (((3 a ,g a )) be a sequence convergent to (f3,g) in C°(M) x jv[ n and (u a ) be a sequence with 
u a G E(/3 a ,g a ). If the couple (/3,g) satisfies 

n — 2 

B (n,f3,g)f3(x) > _ — A (n)S g (x) 
for all x G M, then the sequence (u a ) is C° -compact. 

1.4 Organization of the paper. Section 2 is central from the view point of solution to various 
gaps arising in the vector setting. In it, we answer partially the questions (A) and (B) of Subsection 
1.2, present an overview on sharp potential type Sobolev inequalities and develop all theoretical tools 
needed to the proof of the main theorems. For instance, Propositions 12.21 and 12.31 are directly linked 
to (A) and (B). The main tools are expressed in Propositions 12. 4[ 12. 5[ 12.61 and 12.71 Proposition 
12.41 deals with De Giorgi-Nash-Moser type estimates to solutions of potential type systems like (fT5|) 
with constants depending only on quantities related to the continuity of F and G. Proposition 12.51 
provides such estimates for minimizers of (only continuous) non-smooth functionals. Proposition 12.61 
states that positive homogeneous continuous functions can always be approximated by C 1 functions 
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of same kind. Finally, Proposition 12.71 deals with a local potential type Sobolev inequality involving 
scalar curvature which is closely related to a geometric Sobolev inequality obtained by Druet in |14j . 
The proof is inspired in this work and is based on a thorough concentration analysis on least energy 
critical points of certain smooth energy functional. Here, the complete knowledge of extremal maps 
to ([3]), given in Proposition 12. 1[ plays an important role. Proposition 12.71 is the only place where we 
use the assumption on the dimension n > 5. When k > 2, we believe in its validity up to n = 4 
such as in the case k — 1, see remark made on the page 2535 of [IT] . Propositions 12.41 12.61 and 
12.71 are fundamental in the proofs of all theorems and Proposition 12.51 is essential only in the proof 
of Theorem 11.31 Part of the ideas employed in the proof of Theorem 11.11 is also exploited in the 
proofs of Theorems 11.21 and 11.31 and, therefore, these last ones will be made more concise. The proofs 
of Theorems 11.21 and 11.31 will stretch from Sections 3 to 5. The general outlines of the proofs 
of Proposition 12.71 and Theorems 11.11 and 11.21 are similar in essence and are inspired in key ideas 
developed in the scalar theory. We refer the reader to the works [I], [12], [13], [26] and [27] where 
various approaches are presented. Although, as already mentioned, important difficulties arise in the 
vector setting mainly caused by our will to treat problems in a very general perspective, the common 
core of proofs can be summarized in four steps: 

(7.1) to suppose, by contradiction, that each statement fails; 

(7.2) to go in search of least energy critical points {U a ) to suitable smooth energy functionals; 

(7.3) to perform blow-up and concentration analysis on (U a ); 

(7.4) to deduce a contradiction via integral estimates obtained around a concentration point; 

most of the rest is just technique. Propositions I2.4[ 12.61 and 12.71 are directly linked to the steps 
(7.3), (7.2) and (7.4), respectively. Section 6 is devoted to examples and counterexamples exploring 
the necessity of topology C 2 on the space of Riemannian metrics M. 11 for continuity of the map 
(F,G,g) e x Qk x M n 1— >■ B (n,F,G,g), the dichotomy (I)*-(II)* provided in Theorem fl~2l and 
the compactness and non-compactness of extremal maps to fTTT]) . For convenience of the reader, 
we organize in an appendix some important basic results such as non-smooth vector versions of the 
Brezis-Lieb lemma [DJ and of a compactness-concentration principle [3D], among others needed in 
proofs. 

1.5 Further remarks and open problems. Before starting the proofs, we make a few final 
comments about the results and sketch some open problems. First, Theorem 11.11 is indeed a sharp 
result from the topological view point since the C 2 -topology condition on Ai n is the possible weaker 
one among all C fc -topologies. A simple counter-example showing such a claim is provided in Section 
6. There is a number of open interesting problems concerning with the dichotomy (I)*- (II)* stated in 
Theorem 11.21 A first question is to know if all possible situations can hold for k > 2 as in the scalar 
case. If yes, to exhibit examples and to contrast them with those well-known ones when k — 1. If 
(I)* fails (i.e. Sk(F, G, g) = 0), it is still possible to ask if £k(F, G,g) 7^ for some conformal metric 
g. The vector dichotomy seems to be more intricate than the corresponding scalar one. This claim 
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is reinforced by examples as the round unit n-sphere S n and functions G(x, t) depending only on t 
where (I)* happens and by far (II)* is not clear to be true (see Section 2). According to some answers, 
other questions can possibly be explored toward a proper understanding of (I)*-(II)*. Theorem 11.31 
is also sharp in the same sense of Theorem 11.11 

A natural problem on a compact Riemannian manifold of dimension n > 4 not conformal to the 
round sphere is if the sequence (U a ) of Theorem 11.31 remains compact when, for each a > 0, 



for some x a G M and some maximum point t a of F a on § fe_1 . This one seems quit difficult and is 
open for k > 1. 

Regarding the case of 3-dimensional compact manifolds, all questions treated here are open. One 
may expect a sort of low-dimensional phenomenon. As first pointed out by Brezis and Nirenberg in 
[TO] , an elliptic type situation may change drastically when passing from low dimensions, in this case 
n — 3, to high dimensions, say n > 4. When dealing with sharp Sobolev inequalities on compact 
Riemannian manifolds, this phenomenon happened in the works of Hebey [22] and Druet, Hebey and 
Vaugon [TU] . 

Another potentially interesting direction is the development of a theory on sharp potential type 
Riemannian L p -Sobolev inequalities for p ^ 2 and for a class of potential functions F and G satisfy- 
ing weak regularity conditions. The corresponding questions (A)-(E) in this new setting are widely 
addressed in [8]. Unlike the case p = 2 (see (II)* of Theorem II. 2p . we establish general results 
of existence and compactness of extremal maps without involving any conditions on the maximum 
points of F on Sp _1 := {t G R fc : |t| p = 52f=i l^l P = ^he absence of such an influence is not 
so surprising for p ^ 2 according to the scalar AB program to L p -Sobolev inequalities. Moreover, 
we investigate geometric and topological obstructions to validity in function of geometric and/or 
topological properties of M and the range of values of p in the same spirit of the scalar L p -theory. 



2 Miscellaneous and central tools 

Let k > 1 be an integer number. Throughout this work, we will adopt the notations T\. and Qk for 
the space of positive continuous functions, respectively, from R. k onto R and from M x M. k onto R, 
and homogeneous of degrees 2* and 2. We also carry all notations of best constants and Sobolev 
spaces introduced in the previous section. 

2.1 Sharp potential type Sobolev inequalities. In this subsection we collect some facts re- 
lated to sharp potential type Sobolev inequalities which follow in a simple way. We begin with the 
characterization of extremal maps to sharp Euclidean potential type Sobolev inequalities: 

Proposition 2.1. For n > 3 and F G Fk, we have: 



Bo(n,F a ,G Q ,g a )G 



n-2 



A (n,F a )S gci (x a ) 



4(n- 1) 



(a) A {n,F) = Mj A (n), where M, 



r p = maxF(t) 
1*1=1 
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(b) Ao{n,F) is achieved exactly by maps of the form Uq = t Q uo, where t G S k 1 is a maximum 
point of F and Uq is an extremal function to A Q (n). 

Proof of Proposition 12.11 The 2*-homogeneity of F yields 

2*/2 



F(t)<M F (yy%\ 



for all t G M n . By Minkowski's inequality, for any U G £y 2 (R n ) 



2/2* 

F(U) dx ) < M 2 J 2 ' I / I Vu- I dx I (16) 




M 2 J 2 * A Q (n) I \VU\ 2 d.r 



and this inequality clearly implies 



Ao(n,F)<M 2 F /2 *A (n). 

Consider now the map U = t u G Vl' 2 (M. n ) where t G § fc_1 is such that M F = F(t ) and 
no G X> 1,2 (lR n ) is an extremal function to Ao(n). Since 

( [ F(U ) dx) ' = M 2 J 2 * ( [ \u \ 2 *dx) ' 
\Jr n J \Ju. n J 

= M 2 J 2 *A (n) [ \Vu \ 2 dx 
= M 2 J 2 *A (n) / |Vt Mo| 2 dx 
= Ml /T A (n) [ \VU \ 2 dx , 



we have 

A (n,F) = M 2 J 2 *A (n) . 

Note that Ao(n, F) is achieved by maps Uq = t^uo as chosen above. It remain to show that an arbi- 
trary extremal map U to Ao(n,F) can always be placed in this form. In fact, U satisfies f[T6]) with 
equality in all steps. Remark also that the second equality corresponds to Minkowski's inequality. So, 
there exist t G S k ~ l and a function u G V 1,2 (M. n ) such that U = tu. Finally, from the first equality, one 
gets F(t) = Mp, and from the third one, one easily checks that u is an extremal function to Aq(u). ■ 
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Remark 2.1. An alternative way to attack the problem of classifying all extremal maps for Euclidean 
potential type Sobolev inequalities in the smooth case is to reduce to the radial situation, via an usual 
symmetrization argument, and after identifying the solutions of the corresponding Euler- Lagrange 
system. 

Remark 2.2. It follows directly from the part (b) of Proposition ^. 1\ that the extremal maps to (TJ|) 
are precisely given by 

Uq(x) = atow(b(x — £o)), 
where a, b G R \ {0} ; xq G R n ; to is a maximum point of F on § fc_1 and w is as in (d)). 

In the next two results, we select some basic facts about sharp potential type Riemannian Sobolev 
inequalities. 

Proposition 2.2. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, F G Fk 
and G G Qk- The following assertions hold: 

(a) A (n,F J G,g)=A (n,F), 

(b) There exists a constant B G R such that the sharp inequality / TJOj) is valid. 
Proof of Proposition |2~T2"1 Consider constants A,B such that, for any U G Hl' 2 (M), 

( [ F(U) dv g ^] ' <a[ \V g U\ 2 dv g + B [ G (x , U) dv g . ( 1 7) 

\Jm J J M J M 

Choosing now maps of the form U = t$u in (fT7|) . with to G § fc_1 such that F(to) = Mp and 
u G H 1,2 (M), and dividing both sides by M 2 J 2 , one gets 

\ 2/2* , , 

u\ T dvg) < M F 2/2 *A / \V g u\ 2 dvg + Mp 2/2 *M G B / u 2 dv g , 

where Mq = max G(x,t). Since A (n, l,g) = A (n), one then has 

(i^eMxS*- 1 

Mn,F,G,g) > M 2 J 2 * A (n) = A (n,F) . 
Conversely, since ([5j) is always valid, we have 

k / r \ 2 /2* 



* M ^*E(/ M i"<i 2 '^) 

< M 2 F /2 *A (n) J2 / IV^I 2 dv g + M 2 F /2 *BJ2 \ 
i=i Jm i=i Ja 

= M 2/2 *A (n) [ \V g U\ 2 dv g + M 2 J 2 * B f \U\ 2 dv g 
Jm Jm 



u 2 dv g 
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for any U G Hl' 2 (M). Therefore, it follows simultaneously from flT8|) that 



A (n,F,G,g) < M 2 J 2 * A (n) = A (n, F) 
and the conclusion of part (b). ■ 

Remark 2.3. The part (a) of Proposition IKE furnishes complete information about the best constant 
Ao(n, F, G, g) . In particular, it neither depends on the potential function G nor on the geometry of the 
manifold M. Furthermore, the map (F, G, g) G J r k x Qk x -M n !->■ Ao(n, F, G, g) is clearly continuous. 
Note also that, thanks to the part (b) of Proposition 00), the best constant Bq(u, F,G, g) is always 
well-defined. 

Proposition 2.3. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 4, F G J-j, 
and G G Qk- The following assertions hold: 

(a) For any x G M and t G § fc_1 with F(t ) = M F , 

n — 2 

B (n,F,G,g)G(x,t ) > -———Ao(n,F)S g (x) , 

(b) IfG(x,t) does not depend on the variable x and (M,g) has constant scalar curvature, then / TO]) 
possesses extremal maps. 

An immediate consequence is: 

Corollary 2.1. Let M = S n be the round unit n-sphere of dimension n > A, F G J-u and G G Qk- 

Then, 07]) possesses extremal maps whenever G(x,t) does not depend on the variable x. 

Proof of Proposition 12.31 The proof of the part (a) is simple. It suffices to take maps of the form 
U = t u in the inequality ffTT]) as in the previous proof. In fact, this choice yields 

( [ M 2 * dvg} < A (n) [ \V g u\ 2 dv g + Mp 2/2 *B (n,F,G,g) [ G(x,t )u 2 dv g . 
\J m J Jm Jm 

Set j3(x) = G(x,to). From the definition of B (n, (3, g), we have 

B (n,f3,g)<M- 2/2 *B (n,F,G,g) . 

So, the part (a) follows readily from the geometric estimate (0) and Proposition ^. II Already the part 
(b) can be obtained from a combination among the part (a), the solution of the Yamabe problem 
and Theorem 11.21 Indeed, thanks to the works of Aubin [2] and Schoen [31], there exists a positive 
solution Uq G C°°(M), normalized by unit L 2 *-norm, of the equation 



n-2 



-A g u + SgU = ii g {M)u z _i on M 
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where /i 5 (M) denotes the Yamabe invariant associated to (M,g). For Riemannian manifolds (M,g) 
non-conformal to the round unit n-sphere § n , one knows that 

4(n-l) 



(n - 2)A (n) ' 

Letting Uq = t uo, where to £ S^' -1 is such that F(t ) = Mp, we derive from the Yamabe equation, 



(f F(U )d v y >Mn,F)[ \V g U \ 2 dv g + H 2 s A (n,F)S 9 [ G(U 

\Jm J Jm 4{n — L)Lr{t ) J M 



o) dvg 



But this inequality implies that 



B (n,F,G,g)G(t ) > - 77 —^A (n,F)S g 



n-2 
4(n - 1) 

for all maximum point to of F on so that (|TT|) admits an extremal map by Theorem II .21 Finally, 
if (M,g) is conformal to the round unit n-sphere § n , we have 



4(n-l) 



{n - 2)A (n) 



If the inequality above holds for all to, evoking once again Theorem ll.2[ it follows the existence of 
an extremal map to (fTT|) . Otherwise, if equality happens for some to, then the corresponding map 
Uq is an extremal map since 



iio dv g 



2/2* 



n-2 



A (n) \V g uo\ dv g + — —A (n)Sg u dv g 



yields 



F(U ) dv, 



I M 



2/2* 



A {n,F) / \VgUo\ 2 dv g + 



n-2 



M 



4(n- l)G{t ( 



-Ao{n,F)S g / G(U )dv : 



M 



2.2 De Giorgi-Nash-Moser estimates for systems and variants. The main goal of this sub- 
section is to establish De Giorgi-Nash-Moser estimates for weak solutions of potential type elliptic 
systems and for minimizers of non-differentiable energy functionals on H^ 2 (M). Such estimates play 
a strategic role in all work. 

We begin by dealing with weak solutions U — {u\, . . . , Uk) of the following potential type elliptic 
system: 



- AA gUi + -B ^7 ; = ^^ir 1 in ^CM, i = l,. ..,k, (19) 



1 dG{x,U) _ 1 dF(U) 

2 dti ~ 2* dti 

where Q is an open of the n-dimensional smooth compact Riemannian manifold (M, g), A and B are 
positive constants and F G Tk and G G Qk are functions of C 1 class. 
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Proposition 2.4. Let M be a smooth compact Riemannian manifold of dimension n > 3 and X, 
A\ and C\ be positive constants. Consider a metric g £ Ai n , constants A and B and C 1 potential 
functions F £ T\. and G £ Q\. satisfying 

Qij&tj > X\£\ 2 , \\9ij\\c° < A -1 
for all £ £ R™ and i, j = 1, . . . ,n in a fixed coordinates system on M, 



A > Ai, B > , 



F{t) < Cx|t| 2 * 

for all t £ R k . Then, given constants q > 2* and p, K > 0, there exists a positive constant Co, 
depending only on n, q, p, K , X, A\, and G\ such that for any 5 > 0, any point x £ M, any domain 
Vl a M and any solution U £ H^ 2 {yi) of the system ( fl^j satisfying U = on B 9 (xq, 26) D dVL and 

1 1^11^(5^X0,25)) < K, 

one has 



sup \U\<C 5-^ p ([ \U\ p dv g ] . (20) 

3 g (x ,8)nn yj B g (x ,2S)nn J 



Remark 2.4. The strength of this proposition lies in the fact of the constant Co to rely continuously 
on F and not on partial derivatives of this function. 

Proof of Proposition 12.41 A idea of the proof is to seek a differential inequality satisfied by the 
scalar function \U\ in terms of F and G. Surprisingly, we discover such an inequality thanks to 
homogeneity properties. First, for each e > 0, we set 

1/2 



/' : I u\ + e 
For any nonnegative function if £ C 1 (M), we have 



k 

/ V g v £ -Vgipdv g = / v~ 1 (y2u i VgU i ) ■ Vgtf dVg 

JM JM i=1 

= / y^VgUi- (Vg{UiVj l (p) - (pVg(UiVj 1 )) dVg 

i=l JM 

r / k k \ 

- / V~ 3 (f {v 2 E ^2\VgUi\ 2 - l^UiVgUil 2 ) dVg. 

Jm \ i=1 i=1 I 
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Using now the system f|T9l) on the first right-hand side integral and the Cauchy-Schwarz inequality 
on the second right-hand side integral, we deduce that 



k 

I VgV £ -Vglfi dVg < ^ / V gUj • V ' giu^ If) dV g 

JM i=1 JM 

= A' 1 [ v^FtU)? dv g - A~ l B [ v; l G(x, U)ip dv g . 

JM JM 

Letting e — > in the preceding inequality, we derive 

I Vg\U\-Vg^dv g <A- 1 f \U l' 1 F \U) ^ dv g - A' 1 B [ \U\- l G(x,U)(p dv g . 

JM JM JM 

Summarizing, we have shown that 

- AA g \U\ + BlUl^Gix, U) < W^FiU) . (21) 
So, the additional assumptions on A, B and F applied to fl2Tj) readily yield 



-A g \U\ < K^Uf- 1 in Q, 

where K\ = A^Ci. The conclusion then follows from classical De Giorgi-Nash-Moser estimates 
when studying inequations of kind 

— A g u + cu < f in Q 

with c = — Ki\U\ 2 *~ 2 and / = 0. (see Serrin [32] or Trudinger [3S])- ■ 

We now focus De Giorgi-Nash-Moser estimates for minimizers of non-differentiable energy func- 
tional. Given a n-dimensional smooth compact Riemannian manifold (M, g) and potential functions 
F G Fk and G £ we consider the functional 

J(U) = Ao{n, F) [ \V g U\ 2 dvg + B [ G{x, U) dv g (22) 

JM JM 

on A = {U G Hl ,2 (M) : j M F(U)dv g = 1} and their possible minimizers U. Note that since F and 
G are only continuous, we cannot differentiate J at U. In particular, their possible minimizers do 
not satisfy systems like f[T§j) . Even so, it is still possible to establish the following result: 

Proposition 2.5. Let M be a smooth compact Riemannian manifold of dimension n > 3 and A 
and C\ be positive constants. Consider a metric g G Ai n , a constant B > and potential functions 
F G Fk and G G Gk satisfying 

gij€i€j > A|£| 2 , \\gij\\c° < A -1 
20 



for all (el" and i,j — 1, . . . ,n in a fixed coordinates system on M, and 



F{t) < d\t\ T 

for allt G R k . Then, given constants q > 2* and p, K\, K 2 > 0, there exists a positive constant Co, 
depending only on n, q, p, K\, K 2 , A and C\ such that for any 5 > 0, any point x G M and any 
minimizer U G A of the functional ( f^lj) satisfying J{U) < Ki and 

\\U\\ L l{B a (x ,25)) < K 2 , 

one has 



sup \U\ < C 5- n/p ( [ \U\ P dv g \ . (23) 

Bg(x ,8) \JB g (x ,2S) J 

Proof of Proposition 12.51 Let U G A be a minimizer of J. Given if G C 1 (M), we introduce the 
function 

h (t) = Mjh F) Im \V 9 (U + tv;^U)\ 2 dv g + B j M G(x, U + tvjhpU) dv g 

U M nu+tv 7 ^u)dv 9 ) 212 * 

for t G (—5,5), where v e is provided in the previous proof. By homogeneity, h £ (t) can be rewritten 

as 

h {t = Mjh F) J M \V a (U + tv^ipU)\ 2 dv g + B J M (1 + tv~ V) 2 G(x, U) dv g 

(J M (l+tv-^rF(U)dv g ) 2/2 * 

Note that h £ is differentiate at t — and, moreover, h' E (0) = since t = is a minimum point of 
h £ . Then, 

h' £ (0) = 2A (n,F) [ V g U-V g {v^(pU) dv g +2B [ v~ x G{x, U)<p dv g -2 J(U) I v^F(U)cp dv g = , 

JM JM JM 

so that 

A (n, F) [ V g U ■ Vgiv^ipU) dv g + B [ v~ 1 G{x, U)<p dv g = J{U) [ v^F^tp dv g . 

JM JM JM 

On the other hand, mimicking the proof of Proposition 12. 4} we get 



k 

A (n, F) I V g v £ ■ V g ip dv g < / V g Ui ■ V g (uiV~ l Lp) dv g = / V g U ■ Vgiv^ipU) dv g 

JM i=1 JM JM 

for all nonnegative function (p G C 1 (M). Since B > 0, we arrive at 



A (n,F) [ V g v £ -V g ^dv g <J{U) [ v^FiU)^ 

JM JM 



dVg . 
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So, when e — > 0, we derive 

A (n,F) [ V g \U\ ■ V gV dv g < J(U) [ \U\- l F{U)^ dv g 
Jm Jm 

for all nonnegative function ip £ C 1 (M). The conclusion then follows as in the proof of Proposition 

El ■ 

2.3 An approximation scheme. For the developing of a potential type best constants general 
theory as proposed here, we need to know if the space of positive homogeneous C 1 functions is dense 
in the space of positive homogeneous continuous functions. In this subsection we shall introduce a 
simple approximation scheme that allow us to answer affirmatively this question. 

Proposition 2.6. Let M be a compact differentiable manifold of dimension n > 2, k > 1 be an 

integer and H : M x R fe — > R be a positive continuous function homogeneous of degree p > 1 on the 
second variable. Then, for any e > 0, there exists a positive function H : M x R fc — > R smooth on 
the first variable and of class C l and homogeneous of degree p on the second variable such that 



\H(x,t) -H (x,t)\ < e\t\ p (24) 



for all x £ M and t £ 



Proof of Proposition 12.61 The construction of H is quite simple. First, note that the space 
Cj£(M x R k ) is dense in the space C;° oc (M x R fc ). So, let (H a ) C C°°(M x R fc ) be a sequence of 
functions converging to H Q in C® oc (M x R fc ). Since H is positive on M x § fc_1 , it follows that (H a ) 
is positive too on M x S fc_1 for a large. Define now the sequence (H a ) by 



H a (x,t) 



\t\ p H a (x, -|), for x £ M and t ^ 
0, for x £ M and t = 

Clearly, the functions i? a 's are positive and homogeneous of degree p on the second variable. More- 
over, they also converge to Ho in C°(M x S fc_1 ). In particular, for any e > 0, there exists ao > 1 
such that if = H ao satisfies fl24l) . Since p > 1, it easily follows that if is of class C°° on the first 
variable and of class C 1 on the second one. This ends the proof. ■ 



Remark 2.5. Although the proof above guarantees the existence of suitable approximations which 
are smooth on the first variable, only C° regularity suffices for our purposes. 

Remark 2.6. As a consequence of Proposition UTb} for any e > there exists a positive continuous 
function H : M x R fc — y R of class C l and homogeneous of degree p on the second variable such that 

(1 - e)H (x, t) < H(x, t) < (1 + e)H (x, t) (25) 
on M x M k . This inequality will be frequently used later. 
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2.4 A local geometric potential type Sobolev inequality. In this subsection, we extend a local 
geometric Sobolev inequality established by Druet in [14J to the vector context. Such an inequality 
will play an essential role in the proofs of Theorems 11.11 H-21 and 11.31 

Proposition 2.7. Let M be a compact differentiable manifold of dimension n > 4 and Xq a point 
of M. Consider convergent sequences of metrics (g a ) C Ai n and of potential functions (F a ) C J~k 
and (G a ) C Gk- In particular, there exist positive constants X, C\, C 2 , c\ and C2, independent of a, 
satisfying 

(^ke^->Aier, 11(^)^-11^ < a- 1 (26) 

for all (el" and i, j = 1, . . . , n, in a fixed coordinates system on M , and 

ci\t\ 2 * <F a {t) <d\t\ 2 \ c 2 \t\ 2 <G a (x,t) <C 2 \t\ 2 (27) 

for all x G M and t G M. k . Then, for any e > there exists a radius r^ > 0, depending only on e, \, 
C\, C 2 , C\ and c 2 , such that for any map U G C$ k (B ga (x ,r )) , 

\ 2 /2* 

/ F a {U)dv ga ) <A {n,F a ) [ \V 9a U\ 2 dv 9a + B E (F a , G a , g a ) [ G a {x,U)dv ga , 
Jm J Jm Jm 

where B g (xo, r ) stands for the ball of radius r centered at Xq in relation to a Riemannian metric g, 
CQ k (B g (x ,r )) denotes the space Cq (B g (x , r )) x . . . x Cg (-B 9 (x , r )) of compactly supported k-maps 
on B g (xo,r ) of class C 1 , and 



B e (F,G,g) := A ,_ ^ ° K )_ [ Scal g (x )+e, 



n-2 A (n,F) 
4(n - 1) m F)G {xo)' 

is defined for potential functions F and G and Riemannian metrics g, where 



Tripcix) '■= nxm G(x,t) 

t€X F 



with X F = {te S^ 1 : F(t) = M F } 



We must initially present the PDEs setting involved in the proof of this proposition and that 
also will be useful in the proof of other results in this work. Suppose by contradiction that the 
conclusion fails. In this case, there exist e > and a sequence of positive numbers (r a ) with r a — > 
as a — > +oo, such that, unless re-indexing, 

A a f M IV- U\ 2 dv„ + B a f hr G a (x, U) dv„ , 
K := inf JmI 9a 1 9 - Ja/ 9/9 , - 7 9 - < 1 , (28) 

U€Cl k (B ga (x ,r a ))\{0} (J M F a (U) dVg a ) ' 

where 

A a = A (n,F a ) , 
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® a ■= 771 \ V ,_\ Scal ga {x ) + e 



n — 2 A (n,F Q 
4(n- l)m FatGa (x )' 

Note that one of the new sequences (g a ), (F a ) or (G a ) can possibly be constant. In any case, let 
g G Ai n , F G Tk and G G & be the respective limits of these sequences. 



By Remark 12.31 of Proposition I2.2[ it follows that 

A a ^A {n,F) (29) 



B ° 771 / __[ Scal g (x ) + e (30) 



and 

7i-2 Ap(n,F) 
4(n - 1) m F)G (x Q )' 
as a -> +oo. 

By Proposition 12.61 we can assume that the potential functions F a and G a in ( 12 8 p are of class 
C 1 , converge to F and G, respectively, and satisfy (12"T|) with possibly different constants. 

By f[28]) and Proposition \A.3\ it follows that A Q is achieved by a map U a = (it*, . . . , u*) G Hl' 2 (M) 
for each a > 0. In particular, the maps [/ a satisfy the potential systems 



1 no. 9G a , . A a dF t 
-B — — (x,U a ) = — 

2 dti ' ; 2* <9t 

with 



-#A s X + ^V^ [/ «) = ^^( {/ J in£ 9 >o,r a ), • = !,...,* (31) 



J7 a = on dB 9a (x ,r a ) 

and 



/ F a (U Q )dVg a =l. 

Jm 



Moreover, the maps U a are of class C 1 , by Proposition IA.4I Although the proofs of existence and 
regularity of minimizers is rather classical, for completeness we include them in an appendix. 

Our goal now is to study the behavior of (U a ) as a increases. By (|27j) and Holder's inequality, 

we get 



\U a \ 2 * dv 9a 



[ \U a \ 2 dv ga < vol ga (B ga (x ,r a )) 2 / n ( I 

J B gct (x ,r a ) \Jb< 

< c 2lT [\ F a (U a )dv g \ vol ga (B 9a (x ,r a )) 2/n 

\ J B an ,(xr,,r a ) I 



'B ga (x ,r a ) 

2/2* 



'Bg a (xo,r a ) 

< ci 2/2 \ol ga (B ga (x ,r a )) 2 / n ^0 



as a — > +oo, so that 



a— >+oo 



lim / G a (x,U a )dv ga = 0. (32) 

'B gct (x ,r a ) 
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We now show that 



lim \ a = 1 . (33) 



a— >+oo 



Given e > 0, by standard arguments and fl26|) . one easily finds a real constant B e , independent of a, 
such that 

\ 2 / 2 * r f 

u\ 2 ' dv 9a < (A Q (n) +e) \V ga u\ 2 dv 9a + B £ u 2 dv 9a 

M J JM J M 

for all u G C l (M) (alternatively, this conclusion also follows with e = from the work [7] about the 
geometric continuity of B (n, 1, g)). So, mimicking ( 115]) and using (127]) . we obtain a constant i3 £ , 
independent of a, such that, for any U G Cq k (B ga (xo, r a )), 



I F a (U) dv 9a < (A a + e) I \V 9a U\ 2 dv 3a + B £ I G a (x, U) dv : 

J B 9a (xo,r a ) J B gct (xo,r a ) J B 3ct (xo,r a ) 

Taking now U = U a in this inequality and using that U a is a minimizer for X a , one has 



1 < (A a + e)(A a )- 1 (\ a -B a ( G a {x,U a )dv g 

\ J B ga (x ,r a ) 

+B E / G a (x,U a ) dv 9a , 

J B 9<x i x 0,r a ) 

Letting then a — > +oo and after e — > 0, one concludes from (129]) . (130]) and (132]) that 

lim inf A a > 1 . 

a— >+oo 



So, since A Q < 1 for all a, the assertion f]33]) follows readily Consequently, from the equality 



-4° / |V ffa £^r dv 9a + B a / G a (x, U a ) dv ga = X a , 

' B ga (x ,r a ) J B g (x ,r a ) 



we derive 

lim / \V ga U a \ 2 dv ga =A (n,F)- 1 . (34) 

J B ga {x ,r a ) 

In order to establish some fine properties to (U a ), we will re-normalize this sequence as follows. 
Let x a G Bg a (x ,r a ) be a maximum point of |C/ Q (x)| and set 

[A a |^a(*^o:)| ^ • 

By (J27J, one has 

1 = / F a (U a ) dv 9a <Cx \U a \ T dvg < Cxvolg^Bg^x^r^)^ , 

J B 3a (x ,r a ) J B ga (x ,r a ) 
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so that 



H a ->■ (35) 
as a — )■ +00. Introduce, for each a > 0, the open set in R n 

Q a = fi' 1 exp^ 1 {B 9a (x , r a )) , 

the metric 

h a (x) = (exp* Xa g a ) (ji a x) , 

and the map 



V a {x) 



Ha 2 U a (exp Xa (fi a x)) if x G Sl a , 
if x G R n \ tt a 

where exp Xa denotes the exponential chart with respect to the metric g a centered at x a . 
Clearly, V a = (v a , . . . , v a ) satisfies 

..2 Q/~t \ arp 

- A a A h y a + ^B a ^(exp Xa M, V a ) = ^-^(V a ) m Q a (36) 

and 

jf F a (V a ) dv ha = 1 . (37) 

An important step is to deduce the convergence of the sequence (V a ) in T> k ' 2 (R n ) by using the 
convergence of (g a ), (F a ) and (G a ) in, respectively, Ai n , Tk and Gk- 

Lemma 2.1. The sequence (V a ) converges to some map Vq in Vl ,2 (M. n ). Moreover, we have Vq = t vo, 
where to G § fe_1 is a maximum point of F and is an extremal function to Ao(n). 

Proof of Lemma 12.11 At first, through a simple change of variable, we have 



\V ha V a \ 2 dv ha = / \V 9a U a \ 2 dv 9a , 

O a J B ga (xo,r a ) 



so that 



lim / |V^V^| 2 dv ha = A {n, F)- 1 . 
«^+°° Jn a 

Note also that \V a \ < 1 in Q a , 1^(0)1 = 1 and the metrics h a converges to the Euclidean metric £ in 
C? oc (M. n ). Regarding the Cartan expansion of h a , we find a constant C > 0, independent of a, such 
that 

(1 - Cffydx < dv ha < (1 + Cfi 2 a )dx 

and 
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(1 - Cfi 2 a )\VV a \ 2 < \V ha V a \ 2 < (1 + Cp 2 a )\VV a \ 2 
Clearly, these inequalities imply that 



lim / F(V a ) dx = 1 (38) 

and 

lim / \VV a \ 2 dx = A {n, F)- 1 . (39) 

Therefore, the sequence (V a ) is bounded in (R n ), so that it converges weakly to Vo in T> k ' (M n ). 
Evoking now the concentration-compactness principle of Lions to the measure F a (V a )dvh a , three 
situations may occur: compactness, vanishing or dichotomy, see, for instance, Lemma 4.3 of |33j . 
As for vanishing, by applying the De Giorgi-Nash-Moser estimate for potential type elliptic systems 
given in Proposition 12.41 (this point requires only the convergence of (F a ) and (G a ) in, respectively, 
Tk and Qk), we obtain a constant Co > 0, independent of a, such that 

1 = sup \V a \ 2 <cJ f F a (V a ) dv ha ) ' (40) 

s(o,i)nn a \>/B(o,2)nn a / 

< C ( f F a (V a ) dv ha ) ' 

\JB(0,2) J 

and vanishing can not happen. Dichotomy is classically forbidden by f )38|) and fl39|) following some 
ideas of P. L. Lions. We give some details of this last statement. Setting p a = | VV^I 2 + F(V a ), we 
have p a > and 



lim / p a dx = {A {n, F) 1 + 1) > . 



Suppose that dichotomy is underway: there exists (3 e]0, Ao(n, F) 1 + 1[ such that for any e > 
there are a G N and p a , p 2 a G L 1 (M n ) satisfying 

\\Pa - P a ~ PalllApR") < £ , 

p a dx - p 



< e 



and 



lim distisupp p a , supp p 2 a ) — +00 
for all a > olq. Consider the following sets 

Bi = {x G R n : dist(x, supp p a ) < 1} 

and 
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B 2 = {x e R n : dist(x, supp p 2 a ) < 1} 
Consider also the following smooth cutoff functions 

1, in £>! 



0, in R n \ B 1 



and 



1, in D 2 
0, in R n \ B 2 

such that < C, a ,Va < 1 and |V£ a |, |Vr? Q | < 2, where -Di = supp p\ and _D 2 = supp p 2 a . Define 



and 



Note that 



and 



Set 



Pi = Pcxia 



pi = PaVa 



n) < e , 



I Pa - Pa - Pal 



lim dist(supp p a , supp p a ) = +oo 



and 



V 2 = V aVa 



E a = R n \ {x e R n : U%) = 1 or r) a {x) = 1} . 



Then, for any a large, 

/ |W Q | 2 dx - I \VV^\ 2 dx- [ \VV 2 \ 2 dx <C [ \VV a \ 2 dx < Ce 

JR n jR n jR n J E a 



and 



F(V a ) dx - [ F(V^) dx - [ F(V 2 ) dx 



< C / F(V a ) dx<Ce, 



Hence, 



28 



A (n,F)- l +s> [ \VV a \ 2 dx> [ \VV^\ 2 dx + [ \VV 2 \ 2 dx - Ce 

JR n JR n JK. n 

Set 

K= [ F(V:)dx, i=l,2. 

JR n 

Clearly, < < 1. Thus, there exists a subsequence (A^ ) such that 

lim AI. = Ai 

and 



Ai + A 2 = 1. 

If Ai = 0, then A 2 = 1. Consequently, 



since 



P-e< f p 1 a dx= f {F(y*) + \W*\ 2 ) dx 

Jl" JR n 

= [ dx + o(l) , 

JR n 

lim I F{Vl) dx = Ai = 0. 



Thus, 



and 



<P-e< [ \VV^\ 2 dx. 
Jr™ 

A (n,F)- 1 + e> [ |W Q | 2 dx > [ \VV^\ 2 dx + I \VV 2 \ 2 dx - Ce 

JR n jR n jR n 

>(/3-e)+ [ \WV 2 \ 2 dx-Ce. 

JR n 

Letting a — > +oo and e — > 0, we deduce that j3 < 0, contradicting that j3 > 0. Therefore, < Ai < 1 
and, similarly, < A 2 < 1. From what has been done previously, we have 

/ \VV a \ 2 dx> [ |VV r Q 1 | 2 tfa+ / \VV 2 \ 2 dx. 

JR n J MP Jr™ 

Then, 

A (n,F)- l >I Xl +I X2 , 

where 
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7 A . = inf { f |W| 2 dx : / F(V) dx = xA , i = 1, 2 

I JR™ </ R" J 



But, this contradicts 



M^f)- 1 < I Xl + l 



A 2 



since 



A (n, F)- 1 = I 1 = M\ / | W| 2 rfx : / F(V) dx = l\ , 

I Vr™ JR™ 

h^Wh, i = l,2, 



and 



/a.+Za, = (Af +Af)/! 

> (Ai + A 2 )^/i 
= /i- 

Therefore, compactness holds in the following sense: there exists a sequence (y a ) C R n such that for 
any e > there is a radius R > with the property that 

/ F a (K) duh,, > 1 - e (41) 

JB(y a ,R) 

for all a. We claim that the sequence (y a ) is bounded. Otherwise, we get B(0, 2) fl B(y a , R) = for 
all a large. In particular, 



/ F a (V a ) dv ha < [ F a (V a ) 

JB(y a ,R) JR n \B(0,2) 

for all a large, so that 

1 — e < liminf / F a (V a ) dvh. 

a^+oo J R n\ B(0 2 ) 



for any e > 0. Of course, this implies that 



lim / F a (V a ) dv ha = 1 , 

*\B(0,2) 



or equivalently, 



lim / F a (V a ) dv ha = . 

'#(0,2) 



By (HOI , we then derive a contradiction. Assume now that the sequence (y a ) converges to some point 
yo € K n . Consider the decomposition 
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F Q (V a ) dv ha = / F a (V a ) dv ha - / F a (V a ) dv ho 

B(y a ,R) JB(y a ,R)\B(y ,R) J B(y ,R)\B(y a ,R) 



+ / F a (V a ) dv ha . 

JB(y ,R) 

Since \V a \ is bounded in L°°(M n ) and h a and F a satisfy, respectively, and (I2"7j) . then the first 

two integrals on the right-hand side of the equality above converge to 0. Moreover, the dominated 
convergence theorem produces 



lim f F a (V a ) dv ha = [ F(V ) dx. 

a^+oo J B(y 0: R) JB(y ,R) 

Therefore, by (1U1) . 



/ F(V ) dx > I F(V ) dx > 1 

JR n JB(y ,R) 



for any e > 0, so that 



Clearly, this leads to 



F(V ) dx = 1 



I \VV \ 2 dx > A (n, F)- 1 . 
On the other hand, using (|39i) and the convexity of norms, we find 

/ \W \ 2 dx< lim I \VV a \ 2 dx = A (n, F)- 1 . 

J R n a^ + oo J Rn 



Thus, 



/ |VVb| 2 dx = Ao(n, F)- 1 



so that the sequence (V^) converges strongly to Vo in T> k ' (W 1 ). The rest of the proof then follow 
from the part (b) of Proposition 12.11 ■ 



Remark 2.7. Thanks to Lemma \2J\ and to the De Giorgi-Nash-Moser estimate Hsu) , we then have 

lim lim sup \V a \ ] = . 

R-^+oo \a^+<x> n a \B(0,R) J 

Lemma 2.2. There exists a constant C\ > such that 

d^x^p^KCr 
for all x G B ga (xo,r a ) and a > large, where d ga stands for the distance with respect to g a . 
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Proof of Lemma 12. 2L We proceed by contradiction. Let y a G B 9a (xQ,r a ) be a maximum point of 
the function 

and suppose that u a {y a ) blows up as a — > +00. This implies that |C/ a (7/ a )| blows up too. Clearly, 
the sequence (y a ) converges to x . Extend the map U a to be zero outside B ga (x , r a ). 

Let exp ya be the exponential chart centered at y a with respect to the metric g a . Choose 5 > 
small such that the map exp ya is a diffeomorphism from -6(0, 26) C W 1 onto B 3a (y a , 26) for all a > 
large. Consider now the open set in R" 

Q a = u~ l exp-i(B ga (x a , 5)) 

for all a > 0, where 

^ = it4(2/a)r 2 * /n . 

Introduce then the following metric and map on Cl a : 

h a (x) = (exp* a g a )(v a x) 

and 

Va{x) = v n J T U a (exp ya (v a x)) . 

Note that (h a ) converges to £ in C 2 oc (IR n ). We claim that the sequence (V a ) is uniformly bounded 
on 5(0, 2). In fact, for any x G B(0, 2), 

d ga (x a ,exp Va (v a x)) > d ga (x a ,y a ) - 2v a = (1 - 2u a (y a )- 2 * /n )d ga (x a ,y a ) , 

so that 

d ga (x a ,exp ya (u a x)) > ~d 9a (x a ,y a ) (42) 
for a > large. Then, from ( 142]) . we get 

1^0)1 = K /T \ U * ( ex Py«(^a^)) I = i / a /2 *^( x «' ex Py Q ( z/ « a; )) _n/2 * M «( ex P|/ a ( I/ « a; )) 

< 2"/ 2 V^ 2 *<(x a , 2/Q )-"/ 2 * Ma (y Q ) < 2"/ 2 * . 
In conclusion, we have proved that 

sup \V a (x)\ <2 n/T (43) 
for all a > large. On the other hand, the maps V a = (C* , . . . , v^) satisfy the systems 
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~A a A~ h X + f B^(e Wya (v a x), V a ) = ^^(V a ) in Q a 
and the boundary conditions 

V a = on d<d a , 

where G Q a = v~ x exp~^(B ga (xo,r a )) C Q a . So, thanks to (j4"3"j) . we can apply Proposition 12.41 to 
these systems, so that there exists a constant Co > such that, for a > large, 

1 = \V a (0)\ < sup |tg < C [ \V a f dv- ha <C [ \V a f dv- ha (44) 

B(o,i)ne a JB{o,2)ne a JB- ha {o,3) 



/ l^ol « v <7o 

B 3 a (2fa,3^ Q ) 



By Lemma 12.11 we easily derive an absurd if we are able to verify that 

B ga (y a , 3v a ) n B ga (x a , Rfi a ) = (45) 
for a > large. In fact, plugging (j45H into the inequality (jSJ), we produce the following contradiction: 



1 < C / |f/ Q | 2 * tfo; fla < Co / |f/ a | 2 * dv ga = Co / |^ Q | 2 * dv ha 

J B ga (y a ,3u a ) J M\B ga (x a ,Rn a ) JR"\B ha (0,R) 

< Ci / |y | 2 * 

JR"\B(0,f ) 

for any fixed i? > and a > large. Finally, suppose by contradiction that (145]) is false for infinitely 
many a. Then, for these same indexes a, we can write 

u a (y a f /n = d ga (x aj y a )\U a (y a )\ T/n < 3 + R\U a (y a )\ 2 * /n /i a < 3 + i?, 
which clearly contradicts the fact that (u a (y a )) blows up as a — > +oo. ■ 



Remark 2.8. In the same way, Lemma UTB combined with lead to 

lim [ lim sup \V a \ \x\ n/r ) = . (46) 

Lemma 2.3. Let s > be a small number. There exists a constant Cj > 0, independent of a, such 
that 



V a \ < C 2 \x\~ n+2+s (47) 



for all x G Vt a and a large. 
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Proof of Lemma 12.31 Let L a be the second order elliptic operator 

L a u = -A a A ga u + 2B a n 2 a m Ga u - 2\ a M Fa \u\ 2 *- 2 u . 

/ \ n—2—s 

Set tp{x) = (4 J with s,R>0. Thanks to (j32j). (153} . IHBJI and (H5jl. easy computations furnish 

> in fi a \ 5(0, i2) . 
In addition, mimicking the proof of ( 12 ip . we have 

L a \V a \ <0. 

Now we may apply a maximum principle due to Aubin and Li (see Lemma 3.4 of jl]), to get a 
constant Ci > such that 

\V a \ < C 2 \x\- n+2+s in Q a \B(0,R) 
for a large. Since this inequality clearly holds in B(0, R), we conclude its validity in Q a . m 

Proof of Proposition 12.71 In order to become simpler some notations below, we use the shorthand 

G a (V a ) := G a (exp Xci (fi a x), V a ) . 
Our aim now is to find asymptotic expansions for the integrals 



F a (V a ) dx 



and 



/ 



\VV n \ 2 dx 



S7 a 

as a — > +oo. Such expansions will follow from the following limits: 

lim I / F a (V a )Ric goi (x a ) i:j x l x J dv ha ) = / F(V )Ric g (xo) ij x l x J dx . (48) 

lim I / \Vh o yo\ 2 RiCg ol {x a )ijX % x 3 dv ha I = / | \7Vo\ 2 RiCg(xo)i j x l x J dx , (49) 

where Ric g denotes the Ricci curvature tensor of the metric g. The limit fj4*8|) directly follows from 
the dominated convergence theorem with the aid of Lemmas 12.11 and 12.21 In order to show (|49[) , we 
first claim that 

lim (lim / \V ha V a \ 2 \x\ 2 dv ha ) =0. (50) 

U a \B(0,R) / 



R— >+oo \ o— s>+oo 



In fact, let t)r be a smooth function such that tjr = 1 in IR n \ B(0,R) and rj^ = in B(0,R/2). 
Taking t] R v l a \x\ 2 as a test function in the ith equation of the system (136|) . integrating by parts and 
adding all equations, we get 



34 



-4 Q E/ V h y a -V h M<\x\ 2 )dv ha +B^l I rf R G a {V a )\x\ 2 dv ha 

= X a r] 2 R F a (V a )\x\ 2 dv ha . 
Jn a 

So, thanks to ( 12"T|) . (I2"9j) . ( 13"Uj) . ( 13Hj) . (13"5"j) and Young's inequality, there exists a constant C > 
such that, for any a large, 

/ r, 2 R \V ha V a \ 2 \x\ 2 dv ha <C Q ( I r, 2 R \V a \ T \x\ 2 dx + ^l ! r, 2 R \V a \ 2 \x\ 2 dx 

+ / V 2 R \V a \ 2 dx 



But this implies that 

|1/ a | 2 |x| 2 dx 



[ \Vh a V a \ 2 \x\ 2 dv ha <C ( I \V a \ r \x\ 2 dx + fi 2 a [ 

Jn a \B(p,R) \JR n \B(0,R/2) JR> 



\B(0,R/2) 



+ K\ 2 dx 

JK. n \B(0,R/2) 

Using that n > 5 and (|47|) on the right hand-side above and after letting R — > +00, we arrive at 
([5DD . Finally, ( l4"9|) follows from ( l5TJj) and Lemma I2TT1 Since 

/ fx l x j dx = — ( f\x\ 2 dx 
for radial functions /, (|48p and ()49[) immediately yield 

hm (f F a (y a )Ric ga (x a ) l3 x l xi dv h \ = Scal ^ f F (V Q )\x\ 2 dx (51) 
hm (f \V ha V a \ 2 Ric ga (x a ) ij x i x i dv ha ) = Scal ^ [ \VV \ 2 \x\ 2 dx (52) 



By the Cartan expansion of h a around 0, we have 



dx = ^1 + ^RiCg a (x a ) ij x l x J + o(i£\x\l) \ dv ha . 
Thus, by (|37j), (T4T)) and (|5T|), 

/ F a (V a ) dx = 1 + Scal / Xo) ^1 [ F(V )\x\ 2 dx + o(£) . (53) 
By the Cartan expansion of h a around 0, since r a — > 0, we also have 



W Q | 2 = \V ha V a \ 2 [ l-^\V ha V a \- 2 Y,Rrn ga (x a )(V ha V:,x,x,V ha V:) + o^ 



2 I \2\ 
a\ X \ ) 
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Since Vq is a radial function and Vh a v Q e x are pointwise colinear vector fields, by Lemma 12. 1 [ it 
follows that (see [H]) 

/ Rm ga (x a ) (y ha V*, x, x, V ha V*) dv ha -> . 
Jn a 

Consequently, by (J50j) and (152]) . 

/ \VV a \ 2 dx=[ \V h M 2 dv ha + Sca [ 9{Xo) » 2 a [ |W | 2 M 2 rfx + o(u 2 ) . (54) 
By (T2"gj) and the system (13T)j) . we have 

-4° / \V ha V a \ 2 dv ha < 1 - £> 2 I G a (V a ) dv ha . 

By Lemma [2.11 we can write Vo = to^o, where to € Xf and t>o € P 1,2 (M n ) is an extremal function to 
A (n) such that Vq(0) = 1 and ||uo||2* = 1- Therefore, again by (J4j 



G a (V a ) dv ha = I G(x , V ) dx + o(l) 



so that 



A a [ \V ha V a \ 2 dv ha < 1 - m FtG (x )B a fx 2 a [ v 2 dx + o(u 2 ) . (55) 
So, by (151) and (1551). 



-4° / | VV^r dx < (56) 
l-m F , G (x )Byl [ vldx + Mn,F) SCa i 9{Xo) ^ a f \ Vv \ 2 \x\ 2 dx + o(/4) . 



Note also that (1531) can be rewritten as 



/ F a (V a ) dx = l + M F Scal / Xo) [ v 2 ; \x\ 2 dx + o (u 2 ) . (57) 



On the other hand, from the equation satisfied by vq 



-A {n) Av = vf~ l , 



we have 



/ v 2 \x\ 2 dx = A (n) / | Vfo| 2 |x| 2 dx + 2A (n) / vqVvo • x dx . 

JR n JR n JR n 



Thus, (157|) yields 
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F a (V a ) dx = (58) 



1 + A {n, F ^ Scal aM ^ f I | V i; | 2 |a;| 2 dx + 2 I v Vv ■ x dx] + o (fi 2 a ) 



Finally, replacing fl56|) and fl58|) in the potential type Euclidean Sobolev inequality 

\ 2/2* 



we get 



(f F a (V a )dxY <A a [ \VV a \ 2 dx, 

(B a - n ~ 2 A °(™, F ) s ca l ( Xo )\ + o(/i 2 ) < . 
V 4(n - 1) m FiG (a;o) / 



But, this contradicts 



7i-2 Ap(n,F) 

a-^+oo 4(n — 1) 771f,g(^o) 



lim S a = — — ) — -Scal g (x ) + e 



3 Continuous dependence of optimal constants 

In Subsection 2.1 we derived the continuity of the first optimal constant Ao(n, F, G, g) on the pa- 
rameters F, G and g, see Proposition 12.21 or Remark 1 on the page 18. There remains to prove 
the continuity of the second optimal constant Bo(n,F,G,g) such as stated in Theorem 11.11 This 
continuity is a strategic one in the proof of Theorems 11.21 and 11.31 and its verification is partly in- 
spired in some ideas used in the proof of Proposition 12.71 We should give more emphasis to the main 
difficult points in each specific context. Recall us also that Propositions 12.41 1 2.61 and I2T71 are essential 
ingredients in the proof of Theorem 11.11 

We perform the proof by contradiction. Suppose that Bo(n, F, G, g) is discontinuous at some point 
(F,G,g) G Fk^GkX-M 71 - It means that there exist e > and a sequence (F a ,G a , g a ) C Fk><Gk x -M. n 
converging to (F, G, g) such that, for any a > 0, 

\B (n,F a ,G a ,g a ) - B (n,F,G,g) \ > e . 
Then, at least, one of the following alternatives holds: 

B {n,F,G,g) - B (n,F a ,G a ,g a ) > e or B (n, F a , G a , g a ) - B (n, F, G, g) > e (59) 

for infinitely many a. If the first one happens, majoring Bo(n, F a , G a , g a ) by Bo(n, F,G, g) — Eo in 
the second sharp potential type Riemannian L 2 -Sobolev inequality 



/ F a {U)dv g \ <A (n,F a ) [ \V 9a U\ 2 dv 9a + B (n, F a ,G a , g a ) [ G a (x,U)dv 9a , 
Jm J Jm Jm 
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one gets 



(f F a (U)dv 9 Y <A(n,F a ) f \V ga U\ 2 dv 9a + (B (n,F,G,g)-e ) f G a (x,U)dv 9a . 
\Jm / jm jm 

Letting now a — > +00 in the inequality above, we clearly derive a contradiction. If the second 
alternative holds, from the definition of B (n, F a ,G a , g a ), we easily deduce that 

\ a : = inf JJU) < 1 (60) 

UeA a 

for any a > 0, where J a denotes the functional 

J a (U) = A (n : F a ) [ \V 9a U\ 2 dv 9a + (B (n,F,G,g)+e ) [ G Q (x,U) dv 9a 

JM JM 

defined on A a = {U E (M) : J M F a (U) dv 9a = 1}. By Remark EH of Proposit ion I2.6[ we can 
assume that F a and G a are of class C l and converge, respectively, to F and G and that (1BT3|) remains 
valid. In particular, F a , G a and g a satisfy fl26|) and fl27j) . By Proposition IA.31 fl60|) leads to the 
existence of a minimizer U a = (it*, . . . G A a related to A a . In particular, each map U a satisfies 



Mn,F a )& g .< + -(B (p,F,G,g)+e )^-(x,U c ,) ^ ^^(U„) on M (61) 



i(H,taF,G, 9 ) +e „)^(x, I / < .) = ^« 

with z = 1, . . . , fc. Moreover, by Proposition IA.4|. U a is of class C 1 . 

Our goal now is to study the behavior of the sequence (U a ) as a tends to +00. Of course, the 
sequence (U a ) is bounded in Hl' 2 (M), and so we can assume that it converges weakly in Hl' 2 (M) 
and strongly in L q k (M) to the map U for any 1 < q < 2*. Since the sequence (X a ) is bounded too, 
we can assume that it converges to Ao € [0, 1]. We first show that Ao = 1. Otherwise, 

(^J^F{U a )dv)j ' 
< Ao(n,F) / |V 9 f4| 2 dv 9 + (B (n,F,G,g) + e ) / G(x, U a ) dv g 

JM JM 

<(l + e 1 )[A (n,F a ) \V 9a U a \ 2 dv 9a + {B {n, F, G, g) + e ) / G a (x,U a ) dv 9a 

V JM JM 

= (1 + ei)Aa / F a (U a ) dv 9a < (1 - s ) [ F{U a ) dv g , 

JM JM 

which implies 

2/n 



VM / 1 — 



to 

for suitable £o> £ i > small and a > large. But this last inequality contradicts the fact that 



lim / F{U a ) dv 9 = lim / F a (U a ) dv 9a = I. 
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The next step is to eliminate the case when Uq 7^ 0. In fact, if this occurs we prove that the sequence 
(U a ) is compact in L\ (M) and this leads us easily to a contradiction. Indeed, assuming that (U a ) 
converges strongly to U in L|*(M), we get 

/ F(U ) dv g = l, 

J M 

and so, letting a — > +00 in the equality J a {U a ) = X a , we arrive at the following contradiction: 

A (n, F) [ \V g U \ 2 dv g + {B {n, F, G, g) + e ) / G{x, U ) dv g < 1 
Jm Jm 



F{U ) dv c 



M 



2/2* 



In order to establish the compactness of (U a ), we evoke Propositions lA.ll and IA.2I Let (zj)j e j- C M 
be the concentration points furnished in Proposition IA.1I Fix k G T and choose a cutoff function 
tp £ G Cq° (B g (zk,2e)) such that < cp £ < 1, cp £ — 1 in B g (z k ,e) and |V 9 y? £ | < ^ for some constant 
Ci > independent of e. Taking (p £ u l a as a test function in the zth equation of the system (16T|) . 
integrating by parts and adding all equations, on the one hand, 



lim 

a— >oo 



£ (m™, F -) / V *X ' V ^(^<) d %» + \ W™> ^, G, 3) + £0) 
i=i V Jm Z 



(62) 



M 
k 

2 



(X,[/ Q )(^ e <) ^ 



.1=1 



lim ( X a / F a (f/ a )v? £ cfo 9a ) = / if £ dv . 
Q ^°° V Jm J Jm 



and, on the other hand, 



lim 

a— >oo 



£ (<Ao( n > F a) [ V Sa <-V 9a (^ e <) ^ + ^(i3 (n,F,G,^) + £ ) 
i=i V Jm * 



(63) 



<9G 



lim (~Ao{n,F a ) I V 9a \U a \ 2 ■ V 9a <f £ dv 9a + A {n, F a ) [ \V ga U a \ 2 <p £ dv 9a 
a ^°° \2 Jm Jm 



+ (B (n,F,G,g) + e ) G a (x,U a )tp £ dv g 

Jm 

-A (n,F) lim ( / V 9a \U a \ 2 ■V ga ^ £ dvg a ) + A (n,F) [ <p £ d\i 

2 a^oo \J M J J M 
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+ (B (n,F,G,g) + e ) / G(x,U )<p E dv 



M 



We now let e — >• on the right-hand side of (162]) and fl63|) . By Holder's inequality, we find as e — > 



lim 

a— >oo 



M 



^g a \U a \ 2 ■ Vg a ^ £ dv ga 



< Co lim sup 

a— >oo 



M 



1/2 



1/n 



B 9 (z fc ,2e)\B g (z fcl £) 



'B 9 (« fe) 2e)\B 9 (z fc ,e) 
1/2* 

F a (t/ a ) cfo 9 



— vol g (B g (z k ,2e) \B g (z k ,e)) 



l/n 



1/2* 



lim I / F a (U a ) dv 9a 

"-^ V 'B B (* Jk ,2e)\B e (* h ,e) 



<c 2 



/ F(E/ )dv ff + y;i/ i ^(S fl (« fc> 2e)\B fl (^,e))') . 

JB(z k ,2s)\B(z k ,e) jeJ - J 



'B(z k ,2s)\B(z k ,e) 

Therefore, from f[6"2l and f[6"5j) . we derive 



I/A, = A)(n,F)// fe . 



If fik > 0, by Proposition IA.2[ one has 



> 



and so, we arrive at the following contradiction: 

l=lim (Ao(n,F a ) \V 9a U a \ 2 dv ga + (B (n,F,G,g) + e ) G a (x, U a ) dv g J 

>A (n,F)[ \V g U \ 2 dv g + {B {n,F,G,g)+e ) [ G{x,U ) dv g 
Jm Jm 

+A (n, F) fij > <Ao(n, F)fi k > 1 . 

Here, it was used that Uq ^ 0. Therefore, fij = and so, Uj = for all j G T. Consequently, 
J M F a {U a )dv ga converges to J M F(U )dv g , so that the strong convergence of (U a ) to U in Lf (M) 
follows from Proposition lA.il Hence, the remaining of proof consists in showing that Uq — can not 
hold. Clearly, if this happens, then the sequence (\U a \) blows up in L°°(M), since (U a ) converges to 
in L\{M) and 



1= / F a (U a )dv ga <C \U a (x a )\ T - 2 [ \U a \ 
Jm Jm 



dv 



9a1 
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where x a £ M is a maximum point of \U a \. We now perform a concentration study for the sequence 
(U a ) in order to establish the final contradiction. For this, we will base on part of the strategy used 
in the proof of Proposition 12.71 For a concentration point of (U a ) we mean a point Xq £ M such that 

limsup / | ZTq, | 2 dvg a > 

a^+oo JB ga {x Q ,5) 

for any 5 > 0. Note that this notion is a natural extension of the corresponding scalar one. 
We now split the main steps of proof into three lemmas. 

Lemma 3.1. The concentration points set of the sequence (U a ) is single. 

Proof of Lemma 13.11 First it is clear that 

limsup / F a (U a ) dv 9a > 

<*->+oo JB 3 {x ,5) 

for some point Xq £ M and any 8 > 0, since U a £ A a . This is equivalent to say that (U a ) concentrates 
at x , by (12B"I) and (1271) . The interesting part is indeed to prove the uniqueness of concentration points. 
For this, we fix an arbitrary number 5 > and set 



limsup / F a (U a ) dv 9a = a £ (0, 1] . 

a^+oo JB g (x ,8) 

Mimicking the proof of (j2Ti) . one easily checks that 

-AJtg < M^Fa^lU^FaiUa) on M. 

We now take a cutoff function <p £ C^(B g (x , 6)) such that < (f < 1, y = 1 in B g (x ,6/2) and 
|V 9a v9| < Co with Co > independent of a. Let m > be a small number to be chosen later. 
Regarding (p 2 \U a \ m+1 as a test function in the preceding inequality, we can write 

/ V 9a \U a \ ■ V ga ( V 2 \U a \ m+1 ) dv ga < A {n,F a y l [ <p 2 \U a \ m F a {U a ) dv 9a . (64) 

J M JM 

Developing the left-hand side of (164T) . we get 



+ 1)/ ^\U a \ m \V ga \U a \\ 2 dv 9a ^AofaFa)- 1 [ <p 2 \U«\ m F a (U a ) dv ga (65) 

JM JM 



- [ \U a \ m+1 V ga {^ 2 )-V 9a \U a \dv ga . 

JM 

On the other hand, given e > one finds a constant C £ > 0, independent of a, such that 
/ \V g MU a \^)\ 2 dv 9a <(l + e) { -^±^ [ <p 2 \U a \ m WM\ 2 dv ga 

JM 4 JM 



+0,1^^1120 / \u a \ m+2 dv : 



gar Woo I I w a I 

M 



Plugging (Jboil into this, we get 
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'M 



|V 9Q Mt/ Q |^)| 2 dv ga < (1 + 5)^±^M- a 2/2 *A (n)- 1 f v 2 \U a \ m UU a ) dv ga (66) 

4 l m "+" 1 ) JM 



4(m + 1) 7 M 
Using now Holder's inequality, we derive 



M 



/ ^\U a \ m F a (U a )dv 9a = [ p 2 \U a \ m F a (U a f 2 *F a (U a f*- 2 ^* dv ga (67) 

JM JM 

< M 2 f / ^x +2 ^(t4) M/2 * d Wft , 



< M. 



2/2* 



«i 2 ) dv ga 



M 



2/2* 



(2*-2)/2* 



F a (tf Q ) dv 



<:la 



B g a i x a£) 



and 



M 



\U a \ m+1 V 9a (cp 2 )-V ga \U a \dv go 



<2||V^|U / \U a \ m+1 \V ga U a \ dv 



M 



/ r \ V2 / f \ 1/2 

<2||V fcV >||oo / |V 9a f4| 2 d % J / |f/ Q | 2m+2 d^ 



<2M- a 1/2 *AoH- 1 / 2 ||V 9 ^|U^ 



\U a \ 2m+2 dv, 



-'J a 



1/2 



(68) 



Thanks to the asymptotically sharp L 2 -Sobolev inequality, for any e > there exists a positive 
constant B £ , independent of a, such that 



M 



2/2* 



<(A (n)+e) / |V Sa (^|C/< 

JM 



Ml 2 )l ^ffa 



(69) 



+5 £ / \U a \ m+2 dv ga . 

JM 

Inserting fIBTI) . (J58"j) and f[6"9~j) into ([56]) . we arrive at 



m+2 , 



A a / (^|f/ Q | — ) 2 ' dv 



V <B a [ \U a \ m+2 dv ga +C a ( [ 

J JM \JM 



1/2 

\U a \ 2m+2 dv ga ) . (70) 



where 



A, = I ( J +e)^^^,(n)- 1 (A)(n)+e) [ / 7-;, ((■;,) dr,,,. 

4 ( m + 1 ) WB e (* ,*) 



(2*-2)/2* 
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B a = C e {A^n)+e)\\V g M\lo + B £ 

and 



C a = 2(l + e 



What we wish prove now is that a = 1. Suppose by contradiction that a < 1. In this case, we choose 
e > and m > small enough such that 

A a > C > 0, m + 2<2*, 2m + 2<2* and 2 < 2* - — — - < 2* . 
With that choice, (170|) produces 

2/2* 



for a > large, where C\ > does not depend on a. Using again Holder's inequality, we get 



/ \U a \ T dv 9a = [ \U a \ m+2 \U a 

JB ga {x ,{) JB g (x ,l) 



m+2 lTT |2*-2-m ^ 



/ f \ 2/2* / /• \ (2*-2)/2* 

/ /■ \ (2* 2)/2* 

Since 2 < 2* — m/(2* — 2) < 2* and (C/ a ) converges to in L^(M), a simple interpolation scheme 
reveals that 

limsup / | ZTq, | 2 dv 9a — , 

a^+oo JB ga (x ,&) 

contradicting the fact that xo is a concentration point of (U a ). Therefore, a = 1 and this easily 
implies that x is the unique concentration point of (U a ). ■ 

Lemma 3.2. The sequence (x a ) converges to the unique concentration point x of(U a ). Furthermore, 
for any 5 > 0, we have 

\U a \^0 in C°(M\B ga (x ,S)). 

Proof of Lemma 13.21 Let xq G M be a limit point of (x a ). We first prove that (U a ) concentrates 
at xq. Otherwise, by Lemma [3. 1[ 

limsup / \U a \ 2 dv 9a = 

q^+oo JB ga {x ,25) 
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for any 5 > small enough. Thanks to the estimate ( 170)) . there exist constants mi > and G\ > 0, 
independent of a, such that 

(m 1 +2)2* 

£4 2 dVn a < Ci 



lB ga (x ,2S) 

for a > large. Applying Proposition 12.41 we deduce that 



sup \U a \ < C <T" /p ( f \U a f dv 9a j ^ 

B 3a {xo,&) \JB ga (xo,2S) 

But this clearly contradicts the fact that (\U a (x a )\) blows up as a tends to oo, so that x = x . For 
the remaining conclusion, since for any 5 > 0, 

limsup / \U a \ 2 dvg a = , 

a^+oo JM\B got ( Xo ,%) 

going back to (JTDjl . we obtain other positive constants m 2 and C2, independent of a, such that 



1/2* 



/ 

J A: 



Af\B Sa (a!o,4) 



(m 2 +2)2* 



Evoking again Proposition \2A\ we end up with 

1/2* 

sup \U a \<C 3 ( / |f/ Q | 2 * <fo ga ) ->0. 



M\B Ba (xo,S) \J M\B ga (x ,%) 

With this lemma at hand, we establish the following concentration estimate of kind L 2 : 
Lemma 3.3. For any 5 > 0, 

f \U I 2 dv 

Hm JM\B aa (x a ,S)\ U <*\ aV 9* = Q 

a ^ +oc S M \ U o\ 2 dv ga 

Proof of Lemma 13.31 Thanks to Lemma 13.21 Proposition 12.41 applied to the system (16 ip produces 



W dv ga < sup \U a \ / \U a \ dv ga ) (71) 

M\B ga (x a ,S) \M\B ga (x a ,8) J \J M\B ga (x a ,5) 

< Co\\U a \\ L 2 (M) / |t/ a | efo Sct . 
Jm 



Mimicking the computation of (1211) to fjSTj) . one has 

-Ao(n, F «) A 9 JU a \ + (B (n, F, G, g) + e ) I^G^x, < l^r 1 ^^) . 
Integrating now this inequality over M and using the fact that F a and G a satisfy fl27|) . we get 
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\U a \ dv 9a <Ci \U a \ 2 * 1 dv 9a , 

M JM 



where G\ > does not depend on a. Replacing this inequality in fjTTj) . one arrives at 

\U a \ 2 dv 9a < C C , i||C/ Q || I ,2( M J|t/' Q ,|P 2 ,^ 1 

M\B Ba {x a ,5) (M) 

We now analyze two possibilities. If 2* — 1 < 2, Holder's inequality provides 



M\B Sa {x a ,S) 



\U a \ 2 dv 9a < C 2 \\U a \\ L 2( M )\\U a \\ 2 L !2 ( ^ [ s ) , 



so that 

r \u i 2 dt> 



M\B ga (x a ,<5) ""fla „ .. ||2 *_2 . n 



f \U I 2 cfo ~ aMi fe( M ) 

Otherwise, if 2* — 1 > 2, an interpolation inequality combined with the fact that U a G A a readily 
yield 

lM\B ga (x a ,8) \ U <*\ 2 dv 9<* 

— < ^3||^a|| L 2 (M) -> U- 



f M \U a \ 2 dv ga 

This ends the proof. ■ 

Conclusion of the proof of Theorem 11.11 Our aim here is to complete the proof of Theorem 11.11 
by seeking a final contradiction. By Proposition I2.7[ for each e > there exists a constant ro > 
such that, for any map U G Cq k (B ga (xo, To)) and a > large, 

/ F a (t0d^ o V <Mn,F a ) [ \V g JJ\ 2 dvg a +B £ {F a) G ai g a ) I G a (x,U)dv ga , (72) 
7m / 7m 7m 



with 



B £ (F a ,G a ,g a ) := — 2 .jgjv^) ( Zo ) + e 

4(n- l)m Fa , Ga {x ) 



where 



m Fa , Ga (x) := min G a (x,t) , 

and Xp a = {t G S fc_1 : F a (i) = Mp a }- Choose now < e < Eq and consider a cutoff function 
(p a G C°°(Bg a (x a ,r )) with < <p a < 1, y2 a = 1 in B ga (x a ,r /2) and |V Sa <£> a | < C , where C > 
does not depend on a. Taking tp 2 a u l a as a test function in the ith equation of f[6Tj) . integrating by 
parts and adding all equations, one easily checks that 

A (n,F a ) / \V ga {<f a U a )\ 2 dv ga + {B {n,F,G,g)+e ) / G a (x, U a )^ 2 a dv 9a (73) 

JM JM 
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= K F a (U a )(p 2 a dv ga +A (n 7 F a ) \V gaVa \ 2 \U a \ 2 dv 9a 

JM JM 

Plugging (1751) into (1721) . we derive 



(f F a (U a )<p% dv ga Y +(B (n,F,G,g)-B £ (F a ,G a ,g a )+E ) [ G a (x,U a )<p 2 a dv 9a (74) 

\Jm J JM 



9 

On the other hand, by Holder's inequality. 



< / F a (U a )ip 2 a dv ga +Ao(n,F a ) I \V gaVa \ 2 \U a \ 2 dv g 

JM 



M 



[ F a (UM dv ga = [ F a {U a f T - 2 ^ T F a {U a ) 2 ^ V 2 a dv, 

JM JM 

f r \ (2*-2)/2* / , v 2/2' 



2/2* 

F a (U a )<p% dv ga 



M 



and, by Proposition 12. 3[ 



n — 2 

B {n,F,G,g)m FtG {x ) > — — A (n, F)S g (x Q ) . 

4(n — 1) 



So, (J71D yields 

n-2 / Ao(n,F) A {n,F a 



, Scal g (x ) - ^ n,Fa \ scalg a (x )] + e - e / G a {x,U a )ip 2 a dv 9a 

4(n - 1) \m FjG (xo) rn Fa , Ga (x ) J \J M 

<A (n,F a ) / |V 9a yg 2 |f/ a | 2 du fla , 



which implies that 

JM\B ga (x a ,ro/2) 1^1 2 ^ 



for a > large, where C\ > does not depend on a. Of course, this fact contradicts Lemma T3 .31 and 
so we finish the proof of Theorem 11.11 ■ 
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4 The vector duality 



In this section we prove Theorem 11.21 which concerns the duality between the existence of extremal 
maps to ffTTj) and the exact value of Bo(n, F, G, g) for general potential functions. The proof of this 



result goes in a similar spirit of the preceding proof, except that Theorem II. II plays a crucial role. 
Let (F,G,g) G Fk x Qk x M- n - The conclusion readily follows if 

n — 2 

B (n,F,G,g)G(x ,t ) = — — — Ao(n, F)S g (x ) 

for some xq G M and a maximum point to of F on S . Otherwise, we can assume that, for any 
x G M, 

Bo(n,F,G,g) > " ~ - S g (x) + e (75) 
4(n - 1) m FtG {x) 

for some £o > small. In this case, we choose a sequence (a) converging to Bo(n, F,G, g) with 
a < B (n, F,G, g). By Proposition 12. 6| there exist sequences (F a ) C and (G a ) C Qk of potential 
functions of C 1 class converging, respectively, to F and G as a — )■ B (n, F,G, g). In particular, (F a ) 
and (G a ) satisfy ( 127]) for a near enough Bo(n, F,G, g). By Theorem II .1| we can also assume 

a < B (n,F a , G a ,#) . (76) 
Given a > 0, we consider the functional 

J a (U) = Aa(n, F a ) \V g U\ 2 dv g + a I G a {x,U) dv g 
Jm Jm 

defined on A a = {U G H^ 2 (M) : j M F a (U) dv g = 1}, and its respective infimum 

X a := inf J a (U). (77) 

Since ( ITS"]) leads readily to A a < 1, it follows that X a is achieved by a map U a = (u^, . . . , G A a , 
by Proposition IA.3I In particular, the map U a satisfies 

n f)G \ f)F 

-A (n,F a )A g ul t + ^^(x,U a ) = ^^(U a ) onM, (78) 

which in turn implies C 1 regularity of U a , by Proposition IA.4I Proceeding exactly as in the proof of 
Theorem 11.11 up to a subsequence, (A Q ) converges to 1 and (U a ) converges weakly in H^ 2 (M) and 
strongly in L q k (M) to a map U$ for any 1 < q < 2*. Moreover, we claim that Uq ^ 0. In fact, as 
in the previous proof, the nullity of Uq lead to conclusions of Lemmas 13. 1| 13.21 and 13.31 for (U a ). In 
particular, if x a G M is a maximum point of \U a \, we then can assume that (x a ) converges to a point 
xo and, for any 5 > 0, 

lim J ^y* r * "«\ ^ = Q 

a-^S (n,F,G, S ) J M |t4| 2 (iu 9 
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We now fix < e < Eq and apply Proposition 12.71 to F a , G a and g in order to obtain the local 
sharp inequality provided there for some radius r > 0. We then choose a cutoff function <p a G 
C°°(Bg(x a ,ro)) with < (p a < 1, <p a — 1 in B g (x a ,r /2) and |V 9 y? a | < C , where C > does not 
depend on a, and work with the test function (p 2 a u l a in ( I7H|) . After some manipulations as those ones 
done in the final part of the proof of Theorem we deduce that 



, , | d,Vg . 



{a - B e {F a ,G a ,g)) G a (x,U a )if 2 a dv g < A (n,F a ) \V g <p a \ 2 \U a 
Jm Jm 

From (TSTj) and the definition of B e (F a , G a , g) in Proposition 12. 7\ we find a constant C\ > such that 

f \U I 2 dv 

JM\B g (x a ,r /2) \ Ua \ UU 9 > 
J M \U a \ 2 dVg 

for a near enough B (n, F, G, g). But this last inequality obviously contradicts (179|) and, consequently, 
one has Uq ^ 0. We wish to prove that Uq is an extremal map to ffTTT) . Evoking Propositions IA. ll and 
IA.2I in exactly as done in the proof of Theorem 11.1] we derive the compactness of (U a ) in L\ (M). 
In particular, 

/ F(U ) dv g = l, 
since U a G A Q . Letting now a — > ^o(^ ; ^ p) in the equality 

Ao(n,F a ) \V g U a \ 2 dv g + a G a (x,U a ) dv g = X a , 

we discover that 



A (n,F) [ \VgU \ 2 dv g + Bo(n,F,G,g) [ G a (x,U ) 
Jm Jm 

Therefore, U is an extremal map to (ITT]) and the proof is concluded. 



dv g < 1 . 



5 Compactness of extremal maps 

This section is devoted to the compactness problem of extremal maps to f fTTj) . We shall establish a 
general result of L\ and C\ compactness such as stated in Theorem 11.31 The proof of the first part 
of this result is quite delicate due to the complete absence of smoothness assumptions. In particular, 
our extremal maps do not solve systems of kind f[To"j) . Our great challenging here is to prove that 
versions of Lemmas 13.1} 13.21 and 13.31 hold in the present context. 

We recall that, by assumption, ((F a , G a , g a )) converges to (F, G, g) in Tk^Qk x -M n as a — > +oo 
and (F, G, g) satisfies, for any x G M, 

B (n, F, G, g) > ™ - \ M n \ F) S g (x) . (80) 
A(n - 1) m F Mx) 



So, by Theorem ll.il we can take a constant Eq > such that 
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B (n,F a ,G a ,g a ) > Af _ ^ ' ^. Sga (x) + e (81) 



n-2 A {n, F a 
4(n - 1) m FatGa {x)' 

for any x G M and a > large. Consider a sequence (C/ a ) of extremal maps with U a G £k{F a , G a , g a ), 
namely U a satisfies f M F ol {U a )dv ga = 1 and 



A Q {n,F a ) / |V SQ ^| 2 c^ Q + i3 (n,F a ,G 



a , cfc 9a = 1 . 

Our initial target is to show the L|*-compactness of (U a ). From the equality above and from the 
continuity of Ao(n,F) on F and B (n,F,G,g) on (F,G,g), we easily deduce that (U a ) is bounded 
in H k ' (M). In particular, (C/ a ) converges weakly in Hl' 2 (M) and strongly in L q k (M) to [To f° r an Y 
1 < q < 2*. We first discard the case when Uq = 0. Note that the maps U a minimize the non-smooth 
functionals 



J a (U) = A {n, F a ) / | V 9a U\ 2 dv 9a + B {n, F a , G a , g a ) / G a (x, U) dv 9a 

J M JM 

on A a = {U G Hl' 2 (M) : J M F a (U)dv 9a = 1}. In particular, t = is a minimum point of 



(82) 



(J M F a ((l + ^)f/ Q )^J J 

Using now the 2*-homogeneity of F a and the 2- homogeneity of G a , we can differentiate at t — 0. 
Straightforward computation furnishes 



= /'(0) = / V g JJ a -V ga ((pU a )dv ga +Bo(n,F w G a ,g a ) f G a (x, U a )<p dv 9a (83) 
- / F a (U a )tpdv ga 

JM 

for all G C 1 (M). Mimicking the proof of Proposition 12.51 we also have 

/ V 9a \U a \-V 9aV dv ga < [ {U^F^U)? dv 8a (84) 

JM JM 

for all nonnegative function tp G C 1 (M). 

If C/o = 0, thanks to fl8~4"l) . we can develop a concentration study on (U a ) in a similar spirit as in 
the proof of Theorem 11.11 without using maximum points of \U a \. Precisely, Lemmas 13.11 13.21 and 
13.31 hold for (U a ) in the sense following: the sequence (U a ) concentrates at a unique point xq, (\U a \) 
converges to in L^ C (M \ {xo}) as a — > +oo and, for any 5 > 0, 

f \U I 2 dv 

hm 1 = . (85) 

Q ^+°° Jm 1^1 dv < Ja 

We now argue as in the conclusion of the proof of Theorem 11.21 Let < e < Eq fixed and r$ > be 
the radius provided in Proposition 12.71 when applied to e, F a , G a and g a . Consider a cutoff function 
ip a G C°°(Bg a (xo,r )) with < (p a < 1, ip a = 1 in B ga (x ,r /2) and |V ga ^ Q | < Co, where C > 
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does not depend on a. Choosing <p — cp 2 a in fl83|) and repeating some simple manipulations, we easily 
check that 

(B (n,F a ,G a ,g a ) - B E (F a ,G a , g a )) / G a (x, U a )(p 2 a dv 9a < A (n, F a ) / \V 9a ip a \ 2 \U a \ 2 dv 9a . 

JM JM 

By ( |8T|) and the definition of B e (F a ,G a , g a ), we arrive at 

JM\B ga (x a ,r /2) \ U °\ UU 9 a 

for some constant C\ > and a > large, which contradicts (155]) . Thus, C/ 7^ 0. Again, thanks to 
fl83|) and Theorem 11.11 we can proceed in exactly the same way as in the proof of Theorem 11.11 with 
the aid of Propositions IA.l1 and IA.2| in order to establish the compactness of (U a ) in L\ (M). 

Suppose further that {{F a ,G a ,g a )) converges to (F, G, g) in Cl c (R k ) x C°(M, C/ oc (M fe )) x M n . 
In this case, the maps U a are critical points of the functional J a . In other words, these maps satisfy 
the systems 

1 dG 1 OF 

-Ao(n, F a )Ag a u* a + -B (n,F a ,G a ,g a )-^(x,U a ) = ^-^(^a) 

and so are of class C 1 , by Proposition IA.4I Moreover, by standard elliptic estimates, the C%- 
compactness of (U a ) clearly follows from a uniform estimate for the sequence In what follows, 

we focus our attention on this last point. 

Let x a G M be a maximum point of \U a \ and assume by contradiction that (\U a (x a )\) blows up 
as a —7- +00. Consider exponential charts exp centered at x a with respect to the metrics g a and 
let 5 > be a small number such that exp are diffeomorphisms from -8(0, 5) C M. n onto B 9a (x a , 5) 
for any a > large. Define now the metrics h a and the maps V a on the open ball Q a = B(0, fi^S) 
by 

h a (x) = (exp* Xa g a ) (/x a x) 

and 

V a {x) = (i™ /2 *U a (exp Xa {fi a x)) , 

where 

(Xa I ^ • 

Clearly, the maps V a = (v^, . . . , v a ) satisfy the systems 

u 2 dG 1 dF 

-Aoin^F^A^vi + ^Bo(n,F a ,G a ,g a )^(exp Xa (ji a x),V a ) = —-^(y a ) on ^(O,^ 1 ^. 
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Some facts that deserve attention are: (7i a )y converges to £y in Cl oc {R n ) and Ao(n, F a ), £>o(n, F a , G a , g a ), 
\V a \, ^^(exp Xci (n a x),V a ) and ^f-{V a ) are bounded for a > large. So, usual elliptic estimates ap- 
plied to the above system imply that V a converges to V in Cl loc {R n ). Letting then a — > +00 in the 
system above, we derive 

- Mn, F)Avl = on W 1 . (86) 

In addition, we have |Vo(0)| = 1 since |K*(0)| = 1 for all a. On the other hand, since {U a ) converges 
to Uq in Ll*(M), there exists a nonnegative function f G L 2 *(M) such that \U a \ < fo on M for 
a > large. Consequently, for any R > 0, 

V \ 2 dx = lim / \V a \ 2 dvh a = lim / \U a \ 2 dv 9a 

B(0,R) a ^ +oo JB(0,R) a ^ +oc JB ga (x a ,Rti a ) 

< lim / fl* dv ga = , 



a— >+oo 



so that Vq = 0, which contradicts the fact that |Vq(0)| = 1. This finally completes the proof. 



6 Examples and counter-examples 

This section is devoted to some examples of existence and non-existence of extremal maps, lack of 
compactness of the set £k(F,G,g) and the lost of continuity of the second best constant. We start 
this section given bounds for the second best constant Bo(n,F,G,g) in relation to the scalar one 
B (n, l,g). These bounds are used in the building of examples and counter-examples. 

Proposition 6.1. Let (M,g) be a compact Riemannian manifold of dimension n > 3 and let to £ 

S fc_1 be such that F(t ) = M F . Then, 

(87) 

max^jw G(x,t ) m G 

where 

rriQ = min G . 

In particular, if to G E> k ~ 1 is such that F(t Q ) = Mp and tuq = m&xG(x,to) , then 

M 2 F /2 'B (n,l,g) 
Bo(n, F, G, g) = . 

m G 

Proof of Proposition 16.11 Proposition 12.21 implies that 



_2_ 

2* 



F(U)dvg) < Ao(n, F) / \V g U\ dv g + B (2, F, G, g) \ G(x,U) dv 

M J J M JM 



J 9 ' 
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for all U G Hl' 2 (M). Hence, taking U = ut with u G H l > 2 (M), we obtain 



_2_ 

/ \u\ 2 dv„) < A (n) / I V m| 2 dv„ + Bo(n, F, G, q)M F 2 ^ 2 ma.xG(x,t ) / \u\ 2 dv Q 
hi J Jm J m 



From definition of Bo(n, l,g), we find 

M 2 J T B {n, l,g) 



B (n,F,G,g)> 



max xeM G(x, t G 



Another hand, from the proof of Proposition 12.21 we have 



F(U) dv g ) W < A {n, F) [ \V g U\ 2 dv g + M / B Q (n,l,g) j Q ^ ^ ^ 

M J JM m G JM 



for all U G H k ' (M). Then, from definition of B (n, F,G, g), 

B (n, F, G, g) < . (89) 

m G 

Combining (jgg]) and (159), we find §7$. m 

The first examples are on the existence and non-existence of extremal maps. 
Example 1. Let (M,g) be a compact Riemannian manifold of dimension n > 3 such that 



B (n, l,g) = — — —A (n)maxS g 



n-2 
4(n - "17 

and (Q admit an extremal function. Consider the function G : M 

where the functions A^s are nonnegative and continuous. Assume also that, for some i , A i(jio > 
does not depends of x and An > A ioio for all i. Clearly, 

k 

Ai i \t\ 2 — ^ An(x)\tj\ 2 < ^ Ajj(x) \tj\ \tj I . 
i=l i,j 

Thus, me = A ioio . Let F : IR fc — > K be a 2*-homogeneous, continuous and positive function such that 
F(e io ) = M F , where e io is the 2 -element of the standard bases of M. k . Hence, from the Proposition 



M 2 F /2 *B (n,l,g) 
B (n, F, G, g) = . 

If Mo G H 1,2 (M) is an extremal function of (j6]), then U = u^e^ is an extremal map of (jlip . Then, 
this example shows that (/)* and {II)*, in the Theorem 11.21 can happen in the same time. ■ 
Example 2. Let (M,g) be a compact Riemannian manifold of dimension n > 3. Consider a 
2- homogeneous, continuous and positive G : M x M fc — >• M. that does not depends of x. Choose 
to G §2 1 suc h that m G = G(t ), and a linear injective transformation A : ~R k — > R fe such that 
A{t\) = to, where t\ G § fe_1 satisfies F(ti) = Mp. Hence, from Proposition 16.11 the inequality (ITT]) 
with F o A, possesses an extremal map, if ([6]) possesses an extremal function. ■ 
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The following example is on the non-existence of extremal maps. 
Example 3. Let (M,g) be a compact Riemannian manifold of dimension n > 3 such that 



B (n,l,g) = — — —A (n)mapcS g 



71-2 

4(n- lp uv,tv "aT 

and dSJ) possesses an extremal function. Consider the function G? : M x M fc — )■ R, G(x,t) = 
Ylij=i Aij(x)\ti\\tj\, where the functions A^'s are nonnegative and continuous. Assume also that, for 
some i , A ioio > does not depends of x and An > A ioio for all %. Clearly, 

k 

^ioiol^l — ^ \ Ajjjx) \tj\ < ^ . Ajj (x) \tj \ \tj\ . 
i=l i,j 

Thus, me = A ioio . Let F : M fc — > M be a 2*-homogeneous, continuous and positive function such that 
F(ei ) = Mf, where ei is the io-element of the standard bases of M fe . Hence, from the Proposition 



n( wr s M F /T B {n,l,: 



A ■ ■ 



Suppose, by contradiction, that exists an extremal map Uq for the inequality (jlip . Hence, 



Bo(n,F,G,g) V A;>* | \u{\ dv g = / F(U Q ) dv g ) -A (n,F) \V g U \ 2 dv 
Jm ■ ._, \Jm J Jm 



< M 2 J 2 *J2 / \uU 2 * dv g ) -Ao(n,F) / |V 9 f/o| 2 ^ 

i=1 V^Af / Jm 

< A (n,F)J2 \Vutfdv g + M F /2 *B (n,l,g)J2 

i=i Jm i=i Jh 

-A (n,F) [ \V g U \ 2 dv g < B / n ^9) f ^AjMKldv 



l M o| 2 dv g 



since 



k k 
i=l i,j=l 

This implies that 



<ji u ol \ u o\ 



W/ K\ T dv g X = Ao(n) y~] [ \V g ui\ 2 dv g + B (n,l,g) f Y,\ui\ 2 dv g . (90) 
Independently, it follows, from the inequality (jB]), that 

_2_ 

Wof^s) <M n ) \V g ul\ 2 dv g + B (n,l,g) K\ 2 dv g , (91) 

.1/ / J A/ ./ A/ 
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for all i. Then, from fl90|) and fl9T|) . there exists j G {1, k} such that u 7^ and 



|m^,| 2 * c/wg = A (n) \V g u J \ 2 dv g + B (n,l,g) / |^| 2 c/^. 

'A/ / </Af </Af 

This is not possible, since fl6]) does not possesses extremal function. ■ 

Next we give an example on lack of compactness of the set £k[F, G, g). 
Example 4. Consider the standard sphere (S n ,h). Note that 

n — 2 

B (n, 1, h) = — TT-Ao(n) maxS^ . 

4(n — 1) § n 

Given p 6 S n and /3 > 1 real, define the function 

*W(p) = (/? - l)~^n 2 * (/? - cosr(p)) 1 - , 
where r(p) = dh(p,po). It is easily to see that u POj p is an extremal function for the inequality (jSJ) and 
I l M po,/9l 1 2* = 1- Observe that 

u poApo) -> 00 

as /3 — )■ 1. Thus, if we choose F and G as in the Example 1 such that Mp = 1, the compactness does 
not holds. Just use the sequence of maps Up = u POt pto. This lack of compactness is possible because 
here we have 

n — 2 

A i B (n, F, G, h) = — - ~- A (n, F) max S h . 

■ 

Next we give an example on the lost of continuity of the second best constant. 
Example 5. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 4. Consider a 
sequence (f a ) a C C°°(M) of positive functions converging to the constant function f = 1 in L P (M), 
p > n, such that max*/ f a — > +00. Let u a E C°°(M), u a > 0, be the unique solution of 

4 (™-!)a 
n _ 2 A 9 U + u = f a ■ 

From the classical elliptic L p theory, it follows that (u a ) a is bounded in H^M), where H^M) 
stands for the second order L p -Sobolev space on M, so that u a converges to uo in C 1,/3 (M) for some 
< /3 < 1. Moreover, Uq = 1, since f a converges to 1 in L P (M) and the constant function 1 is 
the unique solution of the limit problem. Therefore, g a = u 2 ^~ 2 g is a smooth Riemannian metric 
converging to g in the C 1,/3 -topology. Note also that there exists a constant c > 0, independent of a, 
such that 



4(7*1 1) . 1 _ 2 * „ 1 _ 2 * 2-2* 

so that max M S„ — >• +00. On the other hand, for n > 4, we have the lower bound 
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B (n,l,g a ) > _ A (n)m&xS ga , 

so that B (n, l,g a ) — > +00. In particular, B (n, l,g a ) 7^ B (n, l,g). Thus, if we choose F and G as 
in the Example 1, we have 

n — 2 

A ioio Bo(n,F,G,g a ) > _ A (n, F) m&xS ga 
and, consequently, B (n, F, G, g a ) -fa B (n, F, G, g). 

■ 
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A Appendix 

A.l A generalized Brezis-Lieb lemma 

We will prove a vector version of the Brezis-Lieb Lemma [9] with low regularity. Indeed, below we 
assume no regularity conditions on the function F besides continuity. The result is precisely 

Proposition A.l. Let (M, g) be a smooth Riemannian manifold of dimension n > 2 and F : M fc — > R 
be a ^-homogeneous, positive and continuous function with < p < 00. Suppose that (J M \ U a \ p dv g ) 
is a bounded sequence and U a — >■ U a.e. on M . Then 



lim / (F(U n )-F(U n -U))dv g = [ F(U)dv g . 



Proof of Proposition lATTl First, we claim that given e > there exists a constant C(e) such that 



for alH, s G R , we have 



\F(s + t) - F{s)\ < e\s\ p + C{e)\t\ p . (92) 
Indeed, the continuity of F implies that for each e > there exists 5(e) > such that 



\F(s + t)-F(s)\<e, V|t|<<J(e), 
where we restrict F to the ball -82(0). Without loss of generality we can assume 5(e) < 1. Define 



M = maxF and C(e) 

B 2 (0) 



_M_ Tf H < 1 



S t 



< M 
M 



< 



5(e) p+£ \t\p 



U5(e)<&<l, 
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, s t 
F[ — + — 

s\ \s\ 



< M 
M 



< 



M \t\ p 
5(e)P \s\ 



+ e 



s\ \s\ 



< e 



< e 



M \t\ l 



5(e)P \s\p ' 

Thus, from the p-homogeneity of F we obtain Now, we define V a = U a — U and the functional 

H?(x) = (\F(U a (x))-F{V a {x))-F(U(x))\-e\V a (x)\*)+, 

where + = max(«,0). Observe that V a — > a.e. on M, and -^(0) = 0: if A > and x G M fc , we 
have: 



F(0) = lim F(Xx) = lim X p F(x) = . 



Hence, if a — > oo, we obtain 



F(K(x))-^F(0) = 0. 



since F is a continuous function, and 



a.e. on M. Another hand, 



\F{U a ) - F(V a ) - F(U)\ < \F{U a ) - F(V a )\ + \F(U)\ . 
Putting s = V a and t — U in fl92|) . we find 



Thus, 



and consequently 



|F(t/ a ) - F(V a )\ = \F(s + t)- F(s)\ < e\V a \ p + C{e)\U\* 



\F(U a ) - F(V a ) - F(U)\ < e\V a \ p + C{e)\U\ p + \F(U)\ 



H:<C(e)\U\ p +\F(U)\. 
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Since (C(e)\U\ p + \F(U)\) G L 1 (M), it follows from the Lebesgue's convergence Theorem that 



M 



H«dv g 



as a — > oo. From definition of H", we have 



so that 



Hence, 



H«{x) > \F{U a {x)) - F(V a (x)) - F{U{x))\ - e\V a {x)\ p 



\F{U a ) - F(V a ) - F(U)\ < e\V a \ p + H« . 



I a = / \F(U a )-F(V a )-F(U)\dx< / (e\V a \ p + H«)dv g 

' M JM 



and 



lim I a < lim / e\V a \ p dv g + lim / Hfdv g = e lim / \V a \ p dv g — eC . 

a-^oo a-^ooJ M a^oo J M a-*oo J M 

Note that the constant C comes from the limitation of the sequence {U a ) in L p k (M). Letting e — > 
we obtain the desired conclusion. ■ 

A. 2 A concentration-compactness principle 

In this section, we prove a version of the Lions's concentration-compactness principle [30] for vector 
valued maps. Such a result is an application of the generalized Brezis-Lieb lemma proved in the 
preceeding section. Let ((F a , G a , g a )) be a sequence converging to (F,G,g) in Fk x Q k x M. n . 

Proposition A. 2. Let (M,g) be a smooth compact Riemannian manifold of dimension n > 3 and 
((F a ,G a )) be a sequence converging to (F,G) in Fk x Q k - If {U a ) a C H 1,2 (M) is a sequence such 
that 

U a ^U in H 1>2 (M), 

\VgU a \ 2 dVg -± fl, 

F a (U a ) dv g -± v 

as a — > oo ; where fi and v are bounded nonnegative measures, then there exist at most a countable 
set {xj}j^r an d positive numbers e {vj}jer such that 

V > I V 9 t/| 2 dv g + ^2 Vj^j > v = F ( U ) dv 9 + v fi*i 
jeT jeT 



with Ao{n, F)fij > v- for all j G T ' , where 8 Xj denotes the Dirac mass centered at Xj. 



2/2* 

jui uiij c / , wnziz <j x . 
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Proof of Proposition DPI Set W a = U a -U, so that W a ->> in H l ' 2 (M). Define = v-F{U) dv g . 
By the generalized Brezis-Lieb lemma, 

In addition, up to a subsequence, we have 

\VW a \ 2 g dv g - A 

for some bounded nonnegative measure A. We have only to show that there hold reverse Holder 
inequalities for the measure 9 with respect to A. The rest of the proof is standard. Taking V = <pW a , 
where p G C 1 (M), one finds 

(f \<p\ 2 'F(W a ) dv g ) ' <A (n,F) f \V g (cpW a )\ 2 dv g + C f \<pW a \ 2 dv g 
\Jm J JM Jm 

k 

<Ao(n,F) f \<f\ 2 \V g W a \ 2 dv g + CJ2 [ \<pV g Wi\\Wy g <p\dv g 
Jm - =1 Jm 

+C I \V g <p\ 2 \W a \ 2 dv g + D I \ v \ 2 \W a \ 2 dv g 



M JM 



<A (n,F) \ip\ 2 \V g W a \ 2 dv g + Cm&x{\V g <p\ 2 + \<p\ 2 } \W a \ 2 dv g . 
Jm m Jm 

Since ||W a ||2 — > as a — > oo, it follows from the previous inequality that 

2/2* 



(f \<p\ r <to) < Ao(n,F) [ \<p\ 2 d\. 
\Jm J Jm 



Thus, 

\ 2/2* 



(f \<p\ 2 * do) <A (n,F) [ \<p\ 2 d\. 
\Jm J Jm 

Then, for all $ G CjJ(M), the reverse Holder inequality 

/ F($)de) ' <A (n,F) [ F($) 2 / 2 * dX 
Jm J Jm 



holds. 



A. 3 Minimizing solutions 

Here we assume that the potential functions F and G are of class C 1 . Consider the functional 



I : Hl' 2 (M) -» R given by 



I(U)= / \VU\ 2 dv g + / G(x, U)dv g 
' m Jm 
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for all U G Hl' 2 (M). Define 



Mg,fc = in| I{U) , 

U&S\' 2 (M) 

where 

E k F = {UeH l k \M): [ F(U)dv 9 = l} 

J M 

This section is devoted to the systems 



XdG(x,U) 1 dFOJ) %r . „ 
— A„Mj + = ^—L on M. = ...J (S) 

We give a sufficient condition for the existence of a solution to this system. 

Proposition A. 3. Assume that n 9i k < Ao(n, F)^ 1 . Then there exists a minimizer U G E F for /i g ^. 
Namely, there exists U G E F such that I(U) = fi g ^. In particular, U = (ui,...,Uk) is a solution of 
the system with A = 

Proof of Proposition [AT3l : Let (U a ) a be a minimizing sequence for /j, g ^ and write U a = (it*, ...,^) 
for all a. It is easily to see that (U a ) a is bounded in Hl' 2 (M). Thus, up to a subsequence, U a ^ U 
in Hl' 2 (M), U a -> U in I|(M), C/ a C/ in Lf (M), and U a ^ U almost everywhere in M. By the 
weakly convergence in Hl' 2 (M), one obtain that 



/ 



M JM 



\VU a \ 2 dv g = / |V(C/ Q -f/)| 2 d^+ / \VU\ 2 dv g + o{\) (93) 



where o(l) — > as a — > oo. By the Proposition it follows that 



F(U a )dv g = / F(U a -U)dv g + / F(t/)d« fl + o(l) (94) 



where o(l) — >■ as a — > oo. By the Theorem 11.21 we obtain 

2/2 



(f F(U a -U)dv g ) <A (n,F)[ \V(U a -U)\ 2 dv g (95) 

\JM J JM 

+M G B (n,F,G,g) [ \U a -U\ 2 dv g . 

JM 



By PJJ, (JM]) and (J95J) , we get 
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/ r \2/2« , f x 2/2* 

(^1- J^F(U)dv g ) = ^j^F(U a -U)dv 9 j +0(1) 

< A(n,F) / \V(U a -U)\ 2 dv g 
Jm 

+M G B (n,F,G,g) [ \U a - U\ 2 dv g + o{\) 

= A (n,F)([ \VU a \ 2 dv g - [ \VU\ 2 dv g ) 
\J m Jm J 

+M G B (n,F,G,g) [ \U a - U\ 2 dv g + o(l) 
Jm 

= A (n,F)([ \VU a \ 2 dv g - [ \VU\ 2 dv 
\Jm Jm 



+o(l) 

where o(l) — > as a — > oo. We also have 

I(U a ) = ii g , k + o(l) . 



See that 



Thus, 



Hence, 



/ G{x, U a )dv g = / G(x, U)dv g + o(l) . 

/ \VU a \ 2 dv g - [ \VU\ 2 dv g = I(U a )-I(U) + o(l) 
Jm Jm 

A {n,F)([ \VU a \ 2 dv g - [ \VU\ 2 dv c 
\Jm Jm 

A (n,F) (ji g , k -I(U)) + o(l) , 



from which we derive 

2/2* 



(l-f M F{U)dv)j < A (n, F) - /([/)) + o(l) 



Note that 

2/2* 



I(U)>l* g * (^j M F{U)dv g 



Thus, 
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(l- J^F{U)dv g y < Mn,F)L g;k -v g , k ^F{U)dv g y j + o(l 
By the Fatou's Lemma, 

/ F(U)dv g < liminf / F(U a )dv g = 1 

This implies that 

2/2* 



2/2« v 

F(^)d^) |+o(l). 



1 



(J^F{U)dv)j >0. 



It follows from 1 - J M F(U)dv g > and 2/2* < 1 that 

1 = ( 1 - / F(C/)^ g + / F([/)^ g ) 7 

(/• \ 2 / 2 * / /• \ 2/2* 

1 - J F(U)dv g +j + U F(U)dv g ) . 

Hence, 

/ F(U)dv g = l, 

JM 

since \i g j. < Aq(ti,F)~ 1 . Another hand, one has 

/ \VU a \ 2 dv g - [ \VU\ 2 dv g = I(U a )-I(U) + o(l) 

JM JM 

= » g>k -I(U) + o(l) 
< /i g>k - n g>k ( [ F(U)dv g ") + o(l) 

= 0(1). 



M 



From this last inequality and from (1931) . one obtains 

/ \V(U a -U)\ 2 dv g = o(l) . 

JM 



Thus, U a -»• U in H X /(M) and !([/) = /^ ife . 
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A. 4 Regularity of solutions 



In what follows we discuss the regularity of the weak solutions U = (u\, . . . ,Uk) G H\ ,k (M) of the 
system 

ldG(x,U) 1 dFOJ) „, . , 
where the potential functions F and G are of class C l and belong to J-^ and 

Proposition A. 4. Let (M,g) be a compact Riemannian manifold of dimension n > 3. If U = 
(u\, ...,Uk) G Hl' 2 (M) is a weak solution of the system (ffiiP , then U G C\(M). 



Proof of Proposition lATH : Given real numbers I > and > 1, we consider the functions r and 
cr given by 



r s 



if < s < I 



o Is) 



S^' 1 ^ 1 if < 8 < I, 

(2(/9 - 1) + 1) /^-^(s - I) + l 2 ^~ l ) +1 if s > I . 

Since Uj G H^ 2 {M), we have that the positive and negative parts of Ui, uf and tij", are also in 
the Sobolev space U{ G H k ' (M). In what follows, we assume that Ui > 0, in other case we can 
use the same argument for the positive and negative parts of U{. Also, it is convenient to choose 
(3 > 1 such that 2/3 < 2*. Let U = (iti, . . . , u^). Since r and a are Lipschitz functions, taking 
ijj = (a(ui), . . . , cr(ttfc)) G i^' 2 (M) as a test function for the system ( fffij )) we get 



y \ Vui ■ Vcr(uj) dx = / hi 
i=i Jm i=i ^ 



(U)cr(ui) dv. 



9 ■ 



where h(U) = 9 F ^ — ^ 9G j^' U ^ ■ Using now that there exists a constant c > 0, independent of I, 
such that 

c r'(s) 2 < a'(s) 

for all s G R and 

\h(t)\ KcoW^ + l) 
for all t G R fc , we obtain a constant Ci > 0, independent of I, such that 

/ |V (r(uj)) | 2 <it> 9 = / | Vuj| 2 r'(Mj) 2 dv g < c\ / |m| 2 _ V(uj) c?u 5 + Ci 
Jm Jm Jm 

<ci / |[/| 2 *-V(ic/|)^ 9 + Cl . 
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Note that there is a constant c > 0, independent of I, such that 



a(s) < ct(s) 2 



for all s > 0. Thus, we obtain 



V (r( Ul )) | 2 dv g < Cd / |£/| 2 "MI^D ^ + c i • 

M JM 

Hence, applying the classical Sobolev inequality, we find a constant c 2 > 0, independent of I, such 
that 

2/2* 

\2* 



r(tti) cfo g < c 2 / |V(r(tti))| 

M / J A/ 

<c 2 / |t/| 2 *- 2 r(|f/|) 2 ^ + c 2 . 

Moreover, it follows easily from the definition of r that there is a constant C3 > 0, independent of I, 
such that 



r(|tf|)<<% • 

i=l 

Hence, using Holder and Young inequalities, we find a constant C4 > 0, independent of /, such that 

2/2* 



/ r{\U\f* dv g ) <c 4 / r(\U\) 2 dv g + c 4 . 
Jn J Jn 



Taking then the limit / — > +00 in the inequality above, we find 

2/2* 



/ \Uf 2 * dv g ) <c 4 / \Uf 2 dv g + c, . 

JM J JM 

Therefore, we get \U\ G L P (M) with p = (52* > 2*, and the conclusion follows from the classical 



regularity theory of elliptic PDEs applied to each equation of (Si). 
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